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ABSTRACT

The ingredients of an “L-function machine” for the quasi-split group U, ;.1 X
Res GL,, are treated here, following similar theories of P. Shapiro and S. Gelbart.
We start with a known Rankin-Selberg type integral having an Euler product. In
section 2 we compute the local integral to get a local L function. This is done by
working with an “L group” related to 2G and the relative root system. All com-
putations are carried out for the split and the non-split case. In section 3 we ad-
dress the problem of analytic continuation of the Eisenstein series. This involves
computation of poles of intertwining operators.

1. Preliminaries

(1.1) Introduction

In this paper, we make some contributions to the theory of automorphic L-
functions for the quasi-split unitary group in 2z + 1 variables U, ,,;, using a
Rankin-Selberg type integral representation. A similar theory was introduced for
U, in [Ge. P.S. 1}, and in [Ge. P.S. 2] a similar discussion is to be found for split
groups of type B, X A,_;. In all these cases, it is assumed that the automorphic
representations in question are generic.

Since the group Res GL,, sits inside U, ,;, as the Levi component of a maxi-
mal parabolic subgroup P of the subgroup U, ,, it is natural to apply the “L-
function machine” described in [Ge. Sh.] to the group G’ = G X ResE GL,, where
G = U, p4;. If F denotes a global field, and E the quadratic extension defining
G, we can consider a cuspidal generic representation = (resp. 7) of Gy, (resp.
ResE(GL,)a,)-
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To each holomorphic finite-dimensional representation r of “G (the Langlands
dual group of G) one may attach an automorphic L-function

Ls,rxt,ry= [ L(s,7, X 7y7)
v unramified

where L(s,w, X 1,,7) is the “local Langlands factor” ([La 1]). By the well-known
conjecture of Langlands, this Euler product should continue to a meromorphic
function in the whole plane, with finitely many poles, also satisfying a functional
equation relating s to 1 — s, called “the global functional equation”.

To prove this we use the “L-function machine” alluded to above. At first we in-
troduce a global zeta integral interpolating the automorphic L-function L(s,m X
7,r), that is

I(s) =f fx(R)Ef(h,s) dh
(Un.n)F\(Un.n)AF

where

EMh,s) =d.(s) 3 fT(vh)
YEP\HE

(see also below). Here E}Y(h,s) is the so-called normalized Eisenstein series on
H = U, , attached to the function f” in the induced space Indf 7|det|3, and f, is
a cusp form on U, ,., in the space of 7. It is well known that E }Y(h,s) converges
absolutely and uniformly in some right half plane. Now since the restriction of f;
to H,, is rapidly decreasing, the analytic properties of the zeta integral are deter-
mined by those of Ef7(h,s).

In the author’s thesis [Ta], it is shown that I(s) factors as an (Euler) product of
local zeta integrals of the form

(W, fT,s) =f W (h)YWs-(h,s) dh
UH\Hp

where F now denotes a local field, U¥ the maximal unipotent subgroup of
Hg, W(h) a function in the Whittaker model of the local component of =, and
W;+(h,s) a kind of Whittaker function for f”. This is Step 1 of the “L-function
machine”.

As we shall see below, this integral can be explicitly computed in the unramified
case, and shown to equal a rational function in g7° (g the order of the residue
field). In general, such an integral converges in some right half plane and satisfies
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a functional equation called “the local functional equation”, which constitutes Step
3 of the “L-function machine” (see [Ta]).

In Section 2, we shall explicitly compute the integrals {(W, f7,s) for unramified
data. In case E remains non-split over F, we need first to interpret the well-known
formula of [Cass. Sh.] for class 1 Whittaker functions in terms of character for-
mulas for finite-dimensional representation of an L group closely related to G
and the relative root system (Proposition 1); the computation of the unramified
zeta integral then involves classical character identities from [We]. On the other
hand, if E splits over F, then G(F) = GL,,(F), and the unramified zeta inte-
gral is computed via an expansion of Schur functions for GL,,,, in terms of
Schur functions for GL,. In both cases, we obtain the result (Theorem 1):

(*) S(W,f7,8) =L(s,m X 1,r)

where L(s, 7 X 7,r) is the Langlands L-function attached to the representation r
of G’ induced from the representation p,,,; ® p, ® 1 of the connected compo-
nent (:G")® = GL,,,,(C) x GL,(C) x GL,(C). Implicit in (%) is the presence of
a local normalizing factor d,(s) (a certain L-function which is attached to the
group Res£ GL,, and comes from the normalization of the global Eisenstein
series}. This completes Step 4 of the “L-function machine”.

In order to address Step 2, it remains “only” to treat the meromorphic behav-
iour of the global zeta integral, i.e., the Eisenstein series. This is the subject mat-
ter of Section 3 of this paper.

By the theory of Langlands (cf. [La)), it suffices to analyze one intertwining op-
erator A(s,7, w), where the Weyl group element w “preserves” the maximal par-
abolic P = (Res£GL,) x UP. In case the inducing representation 7 is not
cuspidal, we first write down a reduction to the case of intertwining operators for
maximal parabolic subgroups and cuspidal representations (Proposition 2). In prin-
ciple, this reduction is already carried out by Theorem 2.1.1 of [Sh 2]; however,
we need to carry it out in our specific case in order to write down explicitly which
intertwining operators arise. For these “cuspidal induced from maximal parabolic”
intertwining operators, we then show (following ideas of [Olsh]) that for a certain
polynomial P in C[g%,q}],

P A(s,1,w)f7

is always entire. (A similar polynomial, but of a higher degree, exists already from
the general theory of Harich-Chandra; cf. [Sh 2], Section 2.)



164 B. TAMIR Isr. J. Math.

(1.2) Notation
(a) Analysis of G as a group over F

Let F be a local non-archimedean field, E a quadratic extension of F, Write each
element in E as @ + ib where @, b is in F, E = F(i). Let O (resp. Pr) denote the
ring of integers (resp. the prime ideal) of £, w a uniformizer for F, and gr the or-
der of the residue field.

Let V be a 2n + 1 dimensional vector space over E equipped with a bilinear Her-
mitian form ( , ). Suppose that } has a maximal isotropic subspace of dimension
n and that a matrix form of ( , ) is

Let G = U, »+1, the group of isometries for ( , ), i.e. G = {g € GLy,1(E):
g'Jg = J}. One may regard G as the F rational points of a quasi-split algebraic
group G which is defined over F, split over E, and whose group of E rational
points is GL,,,;(E). To do so, we look at V as a 4n + 2 dimensional vector space
over F. If ey,...,e,, is the basis in which we wrote the matrix form, then
€ly. ..y, 150€1,...,i€;,,1 may serve as a basis for V over F, Clearly, in this
basis each element of G corresponds to an element g of GL,4,,,(F) of the form

A |i’B
B| A

g:

satisfying the additional polynomial condition
A | -8 || J]o | 4|iB _ J|o
ols||Bla ] |ols]

—-B! ' A!
(b) Description of key subgroups H and P

Denote the maximal isotropic subspace of V (as a vector space over E) by X,
then write

V=X+((+X.
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where X is an isotropic subspace of ¥ dual to X, and (/) is the 1-dimensional an-
isotropic space orthogonal to X + X . Let H denote the subgroup of G fixing (/),
so that H = U, ,,, the isometry group of X + X . Let P be the stabilizer of X in
H; it is a maximal parabolic subgroup of H, and one denotes its unipotent radi-
cal by U*. For convenience, pick a basis xi, .. .,X., X7, ...,x,; for V, so that the
corresponding matrix forms of A and P look like

0 , - o -
* * * *
0 0
o 01290+ 0f and |O --- O 1 O --- O
0 0
* * 0 . *
i 0 | i 0

(¢) Root systems and non-degenerate characters of U G

By G, T, T,;, we mean the appropriate linear algebraic group defined over F. Let
T be the maximal torus of G. Let T, be the maximal split torus of G. Put T, in T.
The root system of G with respect to T is of type A,,. This is the root system we
get by the nontrivial weights of the adjoint action of T on n, the Lie algebra of
U¥S. Denote this root system by ®. Now restrict the adjoint action to T, to get a
new root system which is of type BC,,. Denote this root system by L.

There exists an action of the Galois group Gal(E: F) on ®, preserving the sim-
ple roots and such that each orbit in ¢ corresponds to a root in . Also, orbits of
simple roots of ¢ go to simple roots of T. This correspondence is obtained by re-
stricting a root in ¢ to 7. Denote the non-trivial action of the Galois group by .
This action on the Dynkin diagram look like this:

(¢ I
r N

oy Ay Qp Opyy Qap—1 O2n

Define a non-degenerate character in the same form as in [Cass. Sh.]. Then fol-
lowing [Sh 1], section 3, one can introduce a global non-degenerate character which
locally agrees with that character ([Ta]).
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(d) L groups
The L group of Uy py s

For any torus A in G let X(A) (resp. Y(A)) be the group of characters of A4
(resp. the group of one parameter subgroups of A). Let also “4 be the complex
(split) torus such that X (“4) = Y(A).

The L group of U, 1 is GL,,4,(C) X T where I is Gal(E:F). The action of
I on the F rational points of the maximal torus 7 produces an action on X (7).
Identify X (T) with Z>"*!; then this action takes the form:

(nls- . '9n2n+1) - (_n2n+1’- . '9_n1)~

This action passes roots to roots and simple roots to simple roots. In turn, I' acts
on Y(T) or on X(*T), preserving the root system. The corresponding induced ac-
tion of I on GL,,,,(C) is as follows:

yig—Jj '8y

where

J= -1 }2n+1.

For each local class 1 representation of U, ,., we recall now the definition of
the corresponding semi-simple conjugacy class in £G.

The inclusion of Y(T,) in Y(T) or of X(!T,) in X(*T) as the fixed point set
of v induces a surjective homomorphism »:%T - £T,. We can choose *T, =
(X1, ., %0, Lx7!, .. .,x7"); x; € C*} and hence v(f) = t-17. Note that £ T is de-
termined only up to its dimension, and indeed in the next chapters we shall iden-
tify it with the maximal torus of SP,(C).

Let A be the endomorphism of £7 defined by ¢t — 7'-#". Put U = (Ker4)°, V=
Img(A), then

U=1{(x1,...,%LxY . o xY); x € C*, and
V=X, s X0 Do Xny . s X1)5 X € CT )L

Alsov(V) =1, »(U) =Ty, and LT = U-V (cf. [Bo], p. 37).
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Now suppose 7 is parametrized by the unramified character x = x (7). Then by
the Satake homomorhism (cf. [Cart], p. 146 (19), p. 149 (28)) there corresponds
an element ¢ of the complex torus “ T given by the formula

(1.2.1) x (1) = v(O)(t]) for all tin Y(T;) (see also 2.1)

where v is the isomorphism: Y(T,) = X (*T,) (v for “valuation”). It is easy to see
that

=, 5t ) where (7 =x(1,...,0,..., 1,07 L),

ith place

So each class 1 representation goes to an orbit of W in {T, where W =
N(*T,;)/*T,. According to [Bo] (Lemma 6.4 and Lemma 6.5), there exist bijec-
tive maps p, 7 such that

_—1 _
LT, /WL LT s y/IntN(ETy) £ (EGP X y)g/Int LGP

with 7 induced by »’ : T x vy — LT, where »’(¢,7) = »(¢). Then there exists an
Int N(:T,) orbit in £T % y which corresponds to the orbit of ¢} under W. Take
the Int N(X T,) orbit of (£X,v) where

tX= (..., 601, ,1).

Note that »'(¢X,y) = ¢].

In the split case, the representation = is a representation of GL,,,,(E) and the
semi-simple conjugacy class has an easily computed representative in 27 X\ T in
the form of (#X,1), where tX = (¢{,...,t5,4+1)-

The group ResEGL,,

The L group is GL,(C) X GL,,(C) X I' where the action of T on GL,(C) X
GL,(C) takes (a,b) to (b,a). Given a class 1 representation = parametrized by
the character x of T, we define the class ¢X in the L group as follows. In the split
case, ResE GL, (F) = GL,(F) x GL, (F), and x corresponds to a pair of charac-
ters (x,,x”). So put X = (¢X,¢x",1) where X (resp. tX") is the class in GL,(C)
corresponding to the class 1 representation w(x’) (resp. w(x”)). In the non-split
case put t* = (rX,1,v) where ¢X is the class in GL,(C) corresponding to the class
1 representation w(x).
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2. Calculation of Unramified Zeta Integrals
(2.1) A character type formula for the class 1 Whittaker function of G

We assume that G is the completion of the quasi-split unitary group U, .., at
a prime of the global field. Thus G is either the F rational points of a quasi-split
unitary group defined over F (F is local), or the F rational points of GL,,,,. We
assume also that G is unramified, i.e. in the non-split case E is unramified over F.

Now suppose = is any class 1 representation of G. Realizing the representation
« in a space of Whittaker functions, it is well known that there exists a unique
function W, ,, in this model which is invariant under the standard maximal com-
pact subgroup K, and equal to 1 at the identity. The purpose of this section is to
give a formula for this function in terms of a character of a representation of some
classical group, and to compute the resulting unramified zeta integrals (involving
W, () and already referred to briefly in Section 1).

Recall T is a maximal torus of G, T, a maximal split torus contained in 7,
X(T,) (resp. Y(T,)) the character group of T, (resp. the group of one parameter
subgroups of T,). Note T, = (F*)" and X(T,;) = Z". Let { ) be the natural pair-
ing between X (7T,) and Y (7y,) defined by

£ = Np(1))

where \ is in X(7y), y in Y(Ty), and ¢ in G, the multiplicative group of F. There
exists an onto homomorphism ordr,: T, - Y(7}) defined by

Sordr, (h),\) = v(A(h)) for all A in X(Ty),

where v is the valuation in F. Then Y(T,;) = T,(F)/T3(F) where TJ(F) =
T,(F) N K. Recall LT, is a torus over Cs.t. Y(T,) = X(*T,). Let C[Y(T,)] be
the group algebra of the free abelian group Y(7,). Then C[Y(T)] = C[X(*T,)]
and, since LT} is split, C[X(*T,)] = C[(*T,)], the polynomial algebra of “T.

Let # = ind% FuG(F X Where x is an unramified character of T(F). By [Bo],
p. 43, T(F)/T, = Ty(F )/TI(F) so x can be regarded as a homomorphism of
Y(T,). Extend x to C[Y(T,)] or to CI[(*T;)]. Then, as a homomorphism of a
polynomial algebra, it is defined by an evaluation, i.e. there exists £} in 7, such
that x (¢) = v(¢)(¢}) for all ¢ in Y(T,) (see also 1.2(d)).

Our purpose now is to explain the Whittaker function formula

(wxd&2)(1)

Weo(f) = —_—a s

=2 I T2 @
acL™
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which is proved in [Cass. Sh.]. In case G = GL,,,, this is the known formula of
Shintani, expressing W, ,, as a character formula for GL,,,,(C). To obtain a
similar interpretation for U, .., we need to consider several root systems (which
all coincide for split groups).

Recall ¥ denotes the root system of G with respect to the maximal split torus.
For any root system $, ¢ denotes the dual root system of & and " the non-
divisible roots of &, i.e.

{a€®; a/2 & J}.

The following theorem is due to Bruhat and Tits and it is taken from [Mac 2]
(Theorem 2.5.2, p. 28).

THEOREM. Let G be a simply connected simple linear algebraic group. Then
there exists a reduced irreducible root system L, subgroups N and U, of G, where
a € Ly (the affine root system of L), and a surjective homomorphism h: N —
W (where W is the affine Weil group) such that the triple (N, h,(U,)acz,,) is an
affine root structure in the sense of [Mac 2], Def. 2.5.3.

The root system X, is not, in general, the root system of G with respect to the
maximal split torus. Let W, be the Weyl group of L. Define now a set L, as fol-
lows. For « in L.y let g, be the index [U,_,: U,]; thenZ, CL, CL U 1%y, and
for « in Ly, /2 lies in X, if and only if ¢,.; # q, (cf. [Cass.], p. 390). Then L,
is a root system with the same Weyl group W, (cf. [Mac 2], p. 38). Let q,», =
go+1/q, and define

da — 1 lf qa=qa+la
2 otherwise.

Let V* be the vector space in which X, is a root system. Let { ) be the scalar
product in V*. For ain V* let & in V be the image of 2a/{a,a) under the identi-
fication of V and V™. The set {&;a € Ly} is a root system in V of dual type and
denoted £,.

Identify & (for a € L,) with the translation of V of the form x -+ x — ¢&. Then
& can be regarded as an element of W of the form ¢, = w,  w,_,. By the
homomorphism 4 : N — W, a, is also a coset of T,/TJ, since translations in W are
the image of 7/T?° (see also [Mac 2], p. 16). By the relation 11 in [Cass.], p. 390
it is clear that the action of W, on a, in T;/T agrees with the action of W, on &
as a translation. Then a, for a € L, can be looked at as the root system £, lying
in T;/T2 ® R. Therefore, L, can also be put inside X(7,;) ® R, the vector space
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in which X lies. Then each o € L is a positive multiple of a unique root A («) in
T, and the map X\ is a bijection of £" and L, ([Cass.], p. 389).

LEMMA 1. The set {a Jaes, in Ty/ T3 ® R is the root system L7,

Proor. If«a €Lyand a/2 & L, thend, =1, « € L, and al« = q, = &. If
a € Lyand /2 € £, then d, = 2, « and «/2 both lie in I;, «/2 € £}, and
a/2(a~) = a(a,) = 2.

Remark. For areductive group (as opposed to a simply connected simple al-
gebraic group), we take L, to be the root system of Bruhat and Tits with respect
to the simply connected covering group of the derived group of G ([Cass.], p. 387).

LEmMMA 2. For U, .41, Lo is of type C, and £, is of type BC,.

Proor. It is enough to show that for some a € £y, q,2 # 1, since this implies
« and «/2 both lie in I, and therefore L, is not reduced. The only nonreduced
irreducible root system of degree  is of type BC,,, and therefore L, by its relation
to L; must be of type C,. To show that I is not reduced, take a simple root « in
T (therefore in £"?), let P, be the parabolic of G corresponding to «, and M, its
Levi component. Let G, be the simply connected covering group of the derived
group of M,,. There exists a simple root « such that G, = SU;. Then by [Cass.
Sh.] (p. 218), @ («) and Gx(a)+1 are easily computed and are different. (Notice that
in [Cass. Sh.], the notation g, is used instead of gy (,,; see also [Cass.], p. 394.)

We conclude that for U, .+, £ and £™ are of type B, and £79 is of type C,.
From p. 226 of [Cass. Sh.] we have the following:

(wx85%)(1)
W = _
(1) w§w0 al}o 1 — wx(a,“)
ac”?

where wy represents the image of x under w. From the previous discussion in par-
ticular, Lemma 1 and 1.2.1 we can conclude the following:

ProposiTION 1. Let LG be the reductive split group over C with maximal to-
rus LT, and root system £7°. Then

W, (1) = X, 8, (1X)84%(t)

where t is in T)\T, regarded also as an element of V(T,), v(t) is the character of
LT, corresponding to t by the isomorphism v, (1.2 d) X, 8, is the character of
the representation of i of highest weight v(t), and 8¢ is the modulus function
of the Borel subgroup of G. One takes both sides of the formula to be 0 if v(t) is
not a highest weight.
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(2.2) Unramified computations: The non-split case

Our purpose is to compute the unramified zeta integral (W, f7,s) which comes
to us via the global theory of Rankin-Selberg integrals described in the Introduc-
tion. In fact, the integral in question reduces to one of the form

(2.2.1) FWfTs) = | WA OOWHNSEA(0)| ¢85 (¢) dt

TOT,

where WY(¢) is the class 1 Whittaker function for the spherical representation 7 of
the group GL,(E), &p (resp. &) is the modulus function of P (resp. the Borel
subgroup of H). We note that the factor 8}2(¢)|¢|* arises from the definition of
the (unitarily) induced space Ind¥7| |*, and the factor 87! arises from the inte-
gration formula corresponding to the Iwasawa decomposition U# TS\ T, K. Note
also that 7, is simultaneously regarded as the maximal split torus of G, H, and the
copy of ResEGL,, in P.
By Proposition 1,
We(t) =X (.. t)8E3)

where (1, ..., 45t ..., tF ) =tXand (ny,...,n,) = v(t) (see also 1.2 (d)).
On the other hand, by the well-known formula of [Shin],

W2t) = X0 (1) 08E £ (1)

.....

where (¢],...,1;) is the class in GL, (C) corresponding to 7. Also note that
8§%(t) = 84E, e (1)F*(1)|det(1)|¢* and  &,(¢) = bar,£(2)8p(2).

If in the definition of induced representation Ind 7| | we replace s by s — 3, then
the local integral reads

> X, XS, ) gE M

all partitions A\
of length n

where | A| is the weight of A (in the sense of (Mac 1], i.e. |\| = X; n)).
In the notation of Macdonald ([Mac 1], p. 24, or [Shin]),

a t,...,t;
X§Ur(t, .. 7 = Daplfloe o)
05(11,---,1;1)
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where 6 =(n—1,...,0) and

t],-fl . t;fl
a)\(tirr-"’tr‘:)= 5 5 ’
ti,f,. . t:;/n

for all highest weights A = (f},...,f,). Since

aHa(at{,...,at},') — 0)\+.s(tf,---,fr7) (a)};f'.
as(ati,...,at;) as (¢, ..., 1)

we let ¢7 = t/qz° and absorb gz in X$L(¢#],...,¢;). Now let

e.(t) =TI A-t7¢)) TI (1 -87""¢)).

1<i=n I=<i<n
Then following [We], p. 220 (last formula),

aé(tfa- . -9t;)H (1 - tithT)
i</

II ()
I<j=<n
-1 -
= XL XS ).

fl>f2> et >fn>0
Dividing both sides by a5(¢{,...,Z;) gives

A=)

i<j GL, T T SP .4 ®

T— . =ZX)\ "(tl’---’tn)x)\ "(tl,---’tn)-
I ex(t)) X

l=j<n

So if we recall that we put £ in place of t/ gz, the last formula reads

I -ttge™)

i<j

(1 - 7t7gz°)(1 - t,-"'t;q?»)

= YXGUn(e], . X, Lt gE .
A

(2.3) Unramified computations: The split case

Here G = Gl.,,,(F) and (Res GL,)(F) becomes GL,(F) x GL,(F). Recall
Wi (t) = XSB (1, . 15,0 ) 042, (£) where t = (81, ... tn, L lusr, - ., F20)
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and ((¢],...,t5.41),1) is the semi-simple conjugacy class of G corresponding to
the class 1 representation r. Recall now the definition of ind¥ 7 @ 7. If V' @ V"
is the space on which Res£ GL, acts, then for g in the copy of Res£ GL,(F) in-
side P,

Jb''J

and g(v' ® v”) =r'(a)v’ Q 77 (b)v”. Therefore

GL, 172

Wr(t) —_—XS‘(I;;' ,”)(ul,...,u,,)xv(,z—”n ..... t,‘—*’ll)(vl,...,v")(SGL”XGL”(t),

where ((uy,...,u,),(v,...,v,),1) is the semi-simple conjugacy class of
L(ResE GL,,) corresponding to the representation 7, and v(t,,...,t,) is the p-adic
valuation of (¢,,...,¢,).

A similar computation as in the non-split case shows that

0p = daL,xcL, (1) 0p(2),
86(t) = dgL,xar, (1)8p(t)det(ty, . .., tn)| g [det(tz), ., DI, s
and
|15, = det(ty,. .., )5 |det(ts), ., DI
So again, we change s to s — 1 to get
SV, f7,5)

= GL
(231) - E X(012,7.+.1,a",0,—bn ..... -b,)(tl,ry “aey t{n+1)
ay;>az> - >ay,>0>~by> - >—b

XXGm oy, u)XGE L (v, ,) g T Biatbs,
To compute (2.3.1) we first put v; = v;qr° and u; = u;qF’; then q (29 (resp.

g~ &%) is absorbed in XOn  ,(uy,...,u,) (resp. XCn . (v1,...,0,)).
Recall

...t :
XOLanri = M‘——) ([Mac 11, p. 24; [Shin]).
aé(tls e stn)

Now express the numerator’s determinant in terms of its (» + 1,7 + 1) minors m
which sit in the upper n + 1 X 2n 4+ 1 rectangular submatrix. We then get
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X Clami(tf, . )

1
_ GL, 41
- ngn(m) x(a|1+rl,.4.,a,,+n,n)(tm|1' . 'atm,,_H)
m I t-y
i<j
not both in same
subset of ¢’s

GL,
X X(—b,,,..‘,—bl)(tmn+2’ e ’tm2n+l)

where (¢, .. .,tn,,,) is the choice of n + 1 elements from the set {¢],...,t3.+1]),
defining the minor m. Notice

GL 4 _
(a1’-;-+n,. . saptn,n) (t”ll’ © mn+l) X(a;?tl.,an,o) (tml’ s ’tmn+l) (tml ° 'tmn+1)n
and

GL, — wGL, -1 -
X(—b,,,.“,—bl)(tmn-ﬁ-z’ c ’tm2n+l) - x(bly~~-,bn)(tmn+2’ . tm2n+l)

So the zeta integral now reads:

1
XOLwet s e s tmyy)
ZSgn(m) D II (4 — &) (@, an,0) R omy m

i<k
aib; not both in same
subset of t’s

GL, -1 -
X X(al’-'-van)(ul’ s ’un)x(bl,---rbn)(tmn+2" . tm2n+l)
GL
X X(b]’,’...,b,,)(vl’ o ,vn)(tml te .tm,”_])n

Now, it is well known ([Mac 1] (4.3), p. 33) that

1
GL, -
DX 0y (Tmys e st VX gy (U1 ) =
i H 1- tmiuj)
1si=n+l
1sj=<n
and
XG" XGr = 1
X oz -2 Ty DX (b b (V1525 Un) = ST
j H (1 - tm,- vj)
n+2=<i<2n+l

1sj<n
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Let O,, denote the set {m,}™} defining the minor m (O,, C {1,...,2n + 1}).
Then the local zeta integral is

1 1 1
2 sgn(m) .
ab; 11 -t I d-4u) II (- tl—lvj)
<k IED,, 120,
not(/ and k)&, 1<j=n I<j=n

not(/ and k)0,

Clearly, the common denominator over all minors is

1 1 1
II -t T a-t'v) I (-tuw)
<k 1=i=2n+1 I1<i<2n+1
Lkell,..., 2n+1} 1<j=<n I<j<n

For each minor, we have the following element of the local integral:

sgn(m) JT (=t T (=t II (1-t7"v)) H (I—=ru) IT )"

i<k <k 1EQy,
LKkED,, LKETm i<, 15,
TTA=-4"o)TL O —tiu) TT (45—t
iJ ij I<k
Lk

Denote by * (m) the numerator and let (¥%) be 2,, * (m).
We shall show now that

(%) =TT (1 = w0)) T1 (8 = 1)
W

For that, we regard (*%) as a polynomial in the u,’s.

Step 1. For any i and any j, vj_l is a root of (*#*) as a polynomial in «;. Thus
II(u; — v;") divides (**) and, since the degree of u; is n,

g =C I (4—u).

Step 2. The constant term of the polynomial (*#) is
II (& — t).
Lke(l,. .., 2n+1)
So the polynomial (%) is

II (1 —uvy) II (t—t).

Lkell,. .., 2n+1}
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From this, it follows that the zeta integral equals
H (1—w Uj)
ij
O -tu) T -t"y)

il Li

Proof of Step 1. Put vj“ in place of u;, then multiply and divide (¥) by
(ILiga,, t7 ") vf'. Then Ien, (1 — 4u;) becomes ILeq, (1 — ¢, v;)(—1)". For
this j, Il;en,, (1 — t,"vj) also appears in (*), and we may take

aneny (1= 4710 (=D)"0]

,,,,,

outside of the summation. Now it is left to show

IO -t II (=) II A—t"v)

m i<k 1<k 3
Lk€D,, LKET I€0,,
k#j
x [T ad—tuw) IT (" II (&) =0.
k 1€E0,, 1€0,m
€0,
k#i

To show that this sum is zero, we shall express the coefficients of the v’s and the
u’s in terms of determinants in the variables ¢, with each determinant zero. First
we need some notation.

Let x;,...,X, be n indeterminants, and A = (n,,...,n,) a partition. Denote

xl”l e x""l

xl”n e x":n

by (n;,...,n,)[x1,...,X,] or simply by (n,,...,n,). Then II,. (x; — x;) is
(n—1,...,0)[x;,...,x,], or just (# —1,...,0). Denote the ith elementary sym-
metric function of the x;’s by e;[x;,...,x,] or by e;, that is, e; is the /th coeffi-
cient of TI", (1 — x;¢). Also, ¢, '[x;, ..., X,] denotes e;[x;",...,x;']. (We agree
e = 1.)

LEMMA.
Me-(n—1,...,0) =2in, (n—1,...,0) + ¢,
@ et (n—-1,...,00 =, (n—1,...,0) —¢,
where I, is the set of all n tuples (¢,_,, . . . ,€) Of zeroes or ones such that 2 ¢; = i.
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Proor. (1) is a simple consequence of the differential equations satisfied by
characters of highest weight modules of GL, [Shin], and (2) is a consequence of
the fact that

— YGL, =1 -1
X7 am oo oXn) =X ay (T %)

We say that the weight (n,,...,n,) “includes” (m,,...,m,) if, for all i €
(1,...,n), n; = m;. Also,
!
X1t Xn
denotes the product of the x’s excluding x;. We now go back to the proof.
The coefficient of
. S
ul’l...u”,n vljl...v’{"
where iy,..., i, €{1,...,n}, j1,.. ., Jn €{L,...,n+ 1}is
I

( H tm,—) {(” - 11~--’0)(ei1':'ei,,)}[tm,,+21---atmz,,+l]
i€f{n+2 2n+1}

.....

!
* (tmla s ’tm,,H)”{(ns v 10) (ejTl o 'ejzl)} [tmla v 1tm,,+|]-

Note

1
( 2H tmi> {(73 - 1’ e 30)(e£| ¢ :'e:‘,,)} [{m,,+2a e ,tmz,,+[]
ie{n+ 2n+1}

-----

!
={(n,...,1)(e;, " e N tmyzre sl ]

t3tM2n4

and
1 ‘{ 1
(tml’ s ’tm,,+l)n{(n7 o ,O) (ejT o 'ej—,,— )] [tm19 . ’tm,,+1]

I
={2n,...,n)e; - e Wltmys--stm,,, 1.

In view of the lemma above,

!
(n,...,1)(e;,-"e)

is a sum of weights all “included in” (2n — 1,...,n), and

)
(2n,...,n)(e;' " ;")

is a sum of weights which all “include” (n + 1,...,1). Thus the coefficient of
ujt- - ulrvf* - - - vi" is a sum of weights all of length 21 + 1 with entries from 1 to
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2n — 1 so at least one integer appears twice. But then look at each such weight as
a minor in a determinant with two rows the same, and sum over all minors with
the corresponding sign of the minor which depends only on the choice of the in-
determinants. This concludes Step 1.

Proof of Step 2. The constant term of the polynomial () is

2, sgn(m) IT (tm, = tm,)

I<k

Lke(l,...,n+1}
X H (tml _tmk)(tm,’~-~rtm,,+l)n
i<k

Lke{n+2,.. ., 2n+1)

or

Sisen(m){2n, ..., n) [tmys oo sl U —1,..,0) [ty sps - - - s Emgs 1)

n

=(@2n,...,00{t1,. .., apes]

and this concludes Step 2.
Now recall, we originally put #; = u;qz° and v; = v;qg°. Thus we have shown

finally that

I - wuvg5%)
O a-g"ve) TI  (-Gugs)

S(W.f7,s) =

(2.4) Zeta integrals and L-functions

We may summarize the results of sections (2.2) and (2.3) as follows. Let

(W, f7,5) =f W (OW2A)SE2(1)| ¢V 285 (1) dt.

TNT,

Let r° be the representation of *G’® = GL,,,,(C) X GL,(C) X GL,(C) of
type p2,41 & p, ® 1 where p, is the standard representation of GL,(C). Consider
the extension of r°to r on *G’ = LG’® x T such that

g&'R®b g'® b
r(g,a,b,y) = and r(g,a,b,1) =
g®a g®a
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Define
IO -6tg7%) " TI (1 ~t/g7*"")  non-split case,
d(s)=1" :
(IT (1 — wv;q7°) ]_1 split case.

THEOREM 1. For unramified data (i.e., unramified =,7, W, f") we have
d,(28)¢ (W, f7,8) = L(s,m X 7,1),

where L(s,m X 7,r) = (I — detr(¢)qF*®)™", and t is the class in LG’ correspond-
ing to the representation = X 7.

We note that d,(2s) is the L-function for Res£ GL,, which naturally arises from
the adjoint action of that group on the unipotent radical of P; cf. [Shl], p. 564.
It is also the global factor which “normalizes” the Eisenstein series E;-(h,s).

3. Intertwining Operators

To analyze our Eisenstein series, for a function in the space induced from a max-
imal parabolic subgroup of H = U, ,, we have to understand the analytic behav-
ior of one intertwining operator. Locally, we are concerned with the operator

flg) - f Sf(gwon) dn
NWo

where f€ Indd 7-| |5, wp is

N, is the unipotent radical of the parabolic opposite to P, and 7 is an irreducible
representation of ResZ GL,. We denote this operator by A(s, 7, wp). It is well
known ([Sh 2]) that the integral defining A4 (s, 7, wy) converges absolutely in some
right half plane Re(s) > 0.

(3.1) Reduction to cuspidal induced from maximal parabolic

Our purpose in this section is to reduce the analysis of the intertwining opera-
tor A(s, 7, W) to the case where 7 is cuspidal and P is a maximal parabolic. As
mentioned already in the Introduction, we carry out the general reduction argu-
ment of [Sh 1] (Theorem 2.1.1) in order to explicitly describe the intertwining op-
erators of cuspidal-maximal parabolic type that occur in A(s, 7, w,). Because the
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split case, which concerns only GL,,, is actually treated in [Sh 3], we deal here
only with the non-split case, i.e., with the case H equals the quasi-split unitary
group U, ,.

First we introduce some notation. Denote by ¢, .. .,¢, the Z basis of X(Ty).
Let A denote a basis of the relative root system I. This root system is of type C,.
To each y a subset of A there corresponds a parabolic Py of U, , defined over F.
For any ¥’ and y subsets of A, let W(y,y’) denote the set of all Weyl group ele-
ments taking ¥ to ¥’. For we& W (y,¢’) set

N,=N;Nw 'Njw,
where

N‘b B ae):I*I—Ef vt
U~ the root subgroup of o, L* (resp. L ™) the positive (resp. negative) roots of £
and L] (resp. L) the positive (resp. negative) roots of L in the span of y (resp.
—¢). Now fix A = {¢; — €;,2€,)i2j, and let ¢ = ¥’ = [ — ¢;};x;. Note wy €
W,y').

Let P, denote Py, ., which is a maximal parabolic subgroup whose Levi
component is ResZ GL(n). Also, let 8(ny denote the modulus function of that par-
abolic. Note that N, is the unipotent radical of the parabolic opposite to Py,.

Suppose now 7 is an irreducible representation of GL,(E). If 7 is non-cuspidal,
then it is contained in an induced-from-cuspidal representation of a parabolic sub-
group of GL,(E) of type (n,,...,n), i.e., there exist cuspidal representations 7;
of GL,, such that 7 is contained in Ind PG-"®), )7, ® -+ - ® 7,. Note that any
standard upper parabolic subgroup in GL, (E) defines a standard upper parabolic
subgroup of U, , included in P,,. Let 6 be the subset of A which corresponds to
the parabolic of U, , which corresponds to (ny,...,n;). Then we denote 8 also
by (ny,...,n:). Similarly, let 6’ be (n4,...,n;). Then wy € W(6,60’), and we
may regard A(s, 7, w,)f as the restriction to Ind 7| |* of a certain intertwining
operator belonging to the parabolic P,. More precisely, regard f as an element of

lndg:’"': ..... ,,k)Tll ls® - ® Tkl Isa(—"}ll<2...’nk)5l(22);
then the action of our intertwining operator coincides with the action of the inter-
twining operator A((Sy, .. .,5%) 71> - - »Tks Wo) ON f, Where (sy, .. .,5;) is the k tu-
ple corresponding to 852 ,,)8(3(s,...,s). Note that in this section, for all
induced representations the Levi component acts on the right (following [Sh 2]).
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ProrosiTioN 2 (The inductive step). The intertwining operator A (s, T, wy) may
be expressed as the product

A(S,, TI) W,) { H B((SI:9S_;)aTj’7_'k9wk,j)}A(sI:9 Tk,Wk)-

k>j

Here A(sg, 7y, W) is an intertwining operator for U, , defined exactly as for
U,.. above, except that now 7, (in place of 7) is a cuspidal representation of
Resf GL,, (in place of Resf GL,). s; is a translation of s, computed below. Also,
B((Sks5] ) Tj» Tks Wi, ;) 18 the intertwining operator for GL,, ,,(E) defined by

f"f f(Wk,j”)dn

O Prjnk
where

fEindBrmen® (7] [F)(Fe] |79),

P,

P, . is the parabolic subgroup of GLnk+,,j(E ) of type (n;,ny), UPn.m the unipo-

J

tent radical of the parabolic opposite to Py, 5, 7x(g) = T (&' _'Jk), and

w, ; = 0 I"j
“ o, o)

Finally, A(s,w’,7’) is the intertwining operator for U,_,, ,—,, defined exactly as
for U, , above, except that now 7’ is a representation of P,_,,, trivial on its
unipotent radical and, as a representation of its Levi component Res% GL,_,,, it
is induced from a cuspidal representation 7, ® - -+ ® 74_, on a parabolic of type
(..o ng_y).

Proor. We follow the computation of Lemma 2.1.2 [Sh 2} to decompose
wN,, into some lower-dimensional groups. At each stage we have a subset 6; of
A and w/ an element of the Weyl group. We look for a simple root o €& 6, such
that w/(a) € £, We add this root to ¢; and denote by Q; the set 6, U {a}. Now
wy.q,Wi,e, = W; passes 0; to its conjugate 6, in Q; (where Wy,q, (resp. wyg,) is the
longest element in Wy, (resp. W,)). Then w/, is w/ wi!, and 6, = 6.

Here 6, = (n,,...,n;). Pick a = 2¢, & 8, so w{(2¢,) = —2¢, (w] = w;), and
Q;, =0, U {2¢,}. This stage produces the first intertwining operator, which flips 7,
with its contragredient. Then #, = 6,. In the next stage, pick « to be the root that
sits “between” the (k — 1)st block and the kth block. This stage produces the
intertwining operator that “flips” GL,, and GL in GL,, 4+n,. Then 83 =

Ng—t
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(ny,...,m,n,_;). Next we pick o to be the root that “sits” between the (k — 2)nd
block and the (k — I)st block of 6; (which is GL,,). We go on until the block
GL,, sits in first place. Then 6, = (g, ny, ..., 0_y).

Using this decomposition and Theorem 2.1.1 in [Sh 2], we can write A{s, wg,7)
as the composition of operators of the following three types. First comes the
operator

f- S(wyn)dn

U P

/2 81,2~ The second intertwining operator is a “B”

where f € mdp(k"krkl |80y

ng)
type oper ator:

J- f_ S(We g—1n) dn
O Pricrini

where f € indgtjﬁf::—'w’(rk_d |$e=1) (74 |"’f)5‘/2<‘i‘p”2l , and the next k — 2
operators are of the same type. Finally, the k¥ + 1 intertwining operator A(s’, 7, w’)
is
f- Sf(w'n)dn
O Pr-ne

where f € indgrrenmery| [ @ @ 7| %1852 652
This completes the proof of Proposition 2 (more detalls are given in [Ta]).

CoNcLUDING REMARKS. (1) The intertwining operator A(s’,7',w’) is of the
same type as A(s, 7, w,), except that we are dealing now with a partition of n — n,
in place of n and therefore we can continue this process inductively. On the other
hand, the intertwining operators of type 1 and 2 above really correspond to the
case of maximal parabolics and cuspidal representations of the Levi components.
Therefore, if we continue this reduction inductively in A(s’, 7, w’}, we indeed ob-
tain an expression for A(s,7, wy) in terms of operators for maximal parabolics
and cuspidal representations.

(2) The argument given here depends only on the root system, and hence is also
good for split groups of type C,,.

(3.2) Analytic behavior of intertwining operator for U, ,

Our purpose in this section is to study the operator A(s, 7, wy) in case P is max-
imal parabolic in H = U, , and 7 is a cuspidal representation of Res£GL, on
some space V..
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It is known (cf. [Sh 2], Theorem 2.2.1) that there exists a polynomial p(,s) such
that p(7,s)A(s, 7, wy) is holomorphic. This polynomial is described in terms of
the central character of 7. Using the methods of Olshanskii [Olsh] we shall give
some results with a similar polynomial but of lower degree.

Following now the notations of [Olsh], our induced representation will have the
Levi component acting from the left (instead of the right, as in [Sh 2]). Therefore,

A(s,7,wg) f(e) =f S(wn) dn
UP

where U7 is the unipotent radical of P. The integral is known to converge abso-
lutely in some half plane s> 0.

The theorem below is stated for n = 2, but should be proved in general with ex-
actly the same argument.

THEOREM 2. Suppose [E: F] is an unramified extension, t cuspidal, and n =
2. Let fbeinInd 7| |°, such that f(K) is in Clgf,qr°]. Then

1A - q;‘“x(w))A(s, 1, wo) f(e) is in C[qf,qr°], where x is the central char-
acter of 7, evaluated at the diagonal element .

(2) For f having compact support outside PUY, A(s,,w,) f(e) is in Clq$,qF"].

REMARKS. (1) We say that the A(s, 7, wy)f has some analytic property () if
all complex valued functions s — (A(s, 7, wy) f(g),v) for all vin V, have the prop-
erty (%).

(2) Restrict 7 to P N K and denote by V, the space Ind%. 7. Then for fin V,,
fix is in V,. Moreover, for ¢ in V, define (i,¢)(g) = 7(p)| p|z ¢ (k) where g =
pk. Then i ¢ is in V, and i, is an isomorphism of V, - V..

(3) The relative root system of H, that is, the root system of H with respect to
the maximal split torus, is of type C,. Denote by Wy its Weyl group and by W,
the Weyl group of GL,. Then W,,\ W /W,, contains three double cosets, with
representatives

- - - 1 1 - - -
- - 1 - - - 1 -
_ 1 _ o w; = ) 1 R R and Wy = 1.

1 - - - - -

Wy =

To show this, we look at the action of Wy on C[#,,1,,¢',£5!]. Then the double
coset of w, takes t; to £ or ¢, to t;}, the double coset of w, takes both ¢, and ¢,
to their inverses, the double coset of w, takes f, to ¢, and that is all of W.
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(4) By the first remark, we can replace won by w'wyn where w' is
I

In

to get an integral [, » f(J5,n) dn with the same analytic properties. Henceforth,
we write w for J,,,.

Proor. We follow an idea of Olshanski [Olsh]. Consider a collection of open
sets { X;} in P\ H covering the points w; = Pw;, i = 0,1,2 (where the w;’s are the
coset representatives above for Wy, \ Wy, /W,,). Then the set of right translations
of {X;} by elements in P is a cover of P\H, since H = Uw,,\w,,/w,, PWP. The
fact that P\H = PN K\K is a compact space implies one can find a finite sub-
cover denoted xj,...,x; (where X/ = X, p’ for some p’ in P). Define, for i =
0,1,2,

N{=(7aniUpw,‘, N£=inil7pw,'.

Then
1 - - -
N)=1, N]= : } ; : , where yisin F, and N{=U?,
iy - - 1
1 - -
N =U?, Nj= x by - , where yisinF, and N7 =1.

Let p denote the map H —» P\H.

LemMma. For eachi=0,1,2,
p:Niw;Ni— P\H is a homeomorphism.

Proor. Let UP(F) (resp. UP(E)) denote the F (resp. E) rational points of
UP. Take now an open set Vr in UP(F). It is the intersection of Vx open in
UP(E) with UP(F). By [Olsh], pg: U(E) — P(E)\H(E) is a homeomorphism
(the case i = 2 for GL,(E)). Now for i = 2, the lemma follows from the fact that
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P(E)Vg N H(F) = P(F)Vg (this is easily verified by a simple computation) and,
as for the other cases, note that Niw;Nj = U"w;.

Returning to the proof of the theorem, pick open compact neighborhoods U}
(resp. U3}) of the identity in N{ (resp. Ni). By the lemma, the image of Ui w, U}
is open in P\H, and it covers w; = Pw;. Recall X/, i =1 to g is the finite cover
on P\H described above. So K = UL, {PN K} X/, and we can write ¢ in V, as a
sum of ¢;’s with p (support (¢,)) C X/. Without loss of generality, we suppose
é = ¢, so support of i,¢ is in PUw;Uip".

Define ¥, on Ni x N} by ¥, (ny,n,) = (i,¢)(n,wn,p’). Then it is easy to check
that

(a) ¥, has compact support on U{ x U}. (If ni € N{ but not in U} or ni € Nj
but not in U3, then niw;nip’ & PU{w;Uip’ since pis 1 to 1.)

(b) ¥, is locally constant uniformly with respect to s, that is, for any u;, u,,
there exists compact neighborhoods U, U, such that u, € U,, u, € U, and
V. (U;, Uy) = c(s) where c(s) is some constant depending on s. (This follows from
the fact that ¢ is locally constant and |det(U[w;U;p’)| = |det(p’)|.)

We continue now with the explicit computation of the intertwining integral. For
each case i = 0,1,2 we specify a decomposition of wn as DX/ where D is in P. So
D goes out of the integral and we are left with integration of ¥, on X/.

Casel: i=0, ¢ =a
In this case, ¥, has support in wU?p’ where p’ = m’n’. By a change of
variables,

f {f(wn),v)dn =f L, ow(m!' " nm’Yn',vY8yp(m’) dn.

u* ur

Using the identity (wm’ ~'w)wnp’ = (wm’'~'w) wnm’n’ = wm’'nm’n’, and
moving (wm’~'w) to the right side of the inner product { , ), the last integral

equals

f (i, p(wnp’),(wm’ " 'wYv)dyr(m’) dn
UP

=f (), (wm’ ' w ) v)éyr(m’) dn.
UP

Since ¥, has compact support in U” and it is locally constant with respect to s,
the last integral is in C[gr°,qZ].



186 B. TAMIR Isr. J. Math.

Case2: i=1, ¢ =¢,
Use the decomposition:

ny, pn—! 8! &y152
I - ~ r A ~ — N T
1y - —-a7! - 1 1 - 1 - - 1 - -
-1 - 1 - 1 - - - 1 - n to oy -
- | % - 1 - - -1 - -1 - - - 1 -
- - 1 - - - a al - - 1 - -1 - - =p 1
- - -1 1 - —-ay a
- - 1 - 1 X ya
I 1 -

where a is in iF*, y, is in iF, and x = y, + y,ay,;. So, normalizing the measure dn
as before, we have

f (i,p(wn),v)dn
UP

=f (i (Pa=1 8= W18y, y,P'), (Wwm’ ~twny, )10y
iFy xExiF

X |a|Ldyr(m’) dady, dy,
= f(r(pa—x)irqb(ga—lwlgy,yzp’),(wm'“‘wnyl)“v’>

X |a|25“1/2|a.2—6(,p(m’)dadyldyz

= f (T(0a) V¥ (8ar 8y, 3,) Us (W' "Wy ) 710")

da~da’ Jips x ExiF

a—-a
X |a|z8yr(m’) da* dy,dy,.

Note ¢, and y,; = n, v’ are locally constant uniformly with respect to s and y, is

compactly supported on (g,,g;,,,). Therefore, the last integral is a sum of

integrals
a 0 ,
T v,v')|alsd*a
J;miF*< (0 1) >' &
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where R is compact and open in E (might contain 0), R N iF* is closed in E* and
the matrix coefficient has compact support in E*, since 7 is supercuspidal. There-
fore, the last integral is in C{qr°, g#] (and hence we have already proved part 2
of the theorem).

Case3: i=2,¢0=¢,,w=1
Use the decomposition

Pg—! 8a!
PR 1o - - .o 1o
Bl B R T o9
S ._1.’1 A - -1 -
-] .Y, N 1 - - - - -1

where J = [} ], and a € N = {a € My,,(E); Ja'J = —a). Then

(i, ¢(wn),v)dn =f (i, d(p,-18,-1, wm'wv) dn

Up NNGLy(E)

=f (r(@ " )Yr(ga1),0)a|z* 2 dn
NNGL,(E)

f (r{a Yo, v alz**dn
a~'eRNNNGL,(E)

where R is compact and open in M,,,(E). Suppose R = My,,(PF Op,); then it is
well known that GL,(E) N R = 2o P{¢ where ¢ = o0 Ke€m meiKes

€a.bp = ’
0 w?

and P{ = ¢, (cf. [Olsh], p. 238). Also, {1120 PL¢) NN =115 P£{¢ N N}. Now
a~tin Iz PL{$ N N} means a in jz0 P/{¢ N N}~'. So the last integral reads:

ZX(PI{;)lPF_j!;;S_sz - <T(a—l)v’v/>|a|gs—l/2dn.
J P {oNN) ™!

Using the notations of Case 2, we can write dn = dady, dy,, so it is easy to check
that dPz/n = |P’|.dn. Then the last sum equals

Sx®@PIPF | P f (r(a~")v,0")|al5*" 2 dn,
/ (6NN}~
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which is

1

—_—m (r(a VYo, v")a|z5""2dn.
1= g % (Pr) Jigam - lole

By cuspidality, {7(a)v,v’) has support in ZC, Z the center of GL, and C compact
in GL,. Thus a~! € ZC N ¢ N N. But ZC N ¢ is compact in GL, (cf. [Olsh],
p. 238), and N is closed in M,,(E). So a~! goes over a compact set of GL, and
therefore the integral is in C[q®,q~°]. This concludes the proof of the theorem.
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