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ABSTRACT 

The ingredients of an "L-function machine" for the quasi-split group U~,n+l × 
Res GLn are treated here, following similar theories of P. Shapiro and S. Gelban. 
We start with a known gankin-Selberg type integral having an Euler product. In 
section 2 we compute the local integral to get a local L function. This is done by 
working with an "L group" related to LG and the relative root system. All com- 
putations are carried out for the split and the non-split case. In section 3 we ad- 
dress the problem of analytic continuation of the Eisenstein series. This involves 
computation of poles of intertwining operators. 

1. Preliminaries 

(I.I) Introduction 

In this paper,  we make some contr ibut ions to the theory  o f  au tomorph ic  L- 

functions for  the quasi-split uni tary group in 2n + I variables U,,,,,+I, using a 

Rankin-Selberg type integral representation. A similar theory was introduced for  

U2,1 in [Ge. P.S. 1], and in [Ge. P.S. 2] a similar discussion is to be found  for  split 

groups  o f  type Bn x An_l .  In all these cases, it is assumed that  the au tomorph ic  

representations in quest ion are generic. 

Since the g roup  Res~ GL~ sits inside U~,~+I as the Levi componen t  o f  a maxi- 

mal parabol ic  subgroup P of  the subgroup U~.~, it is natural  to apply the "L- 

function machine"  described in [Ge. Sh.] to the group G' = G x Res~ GLn, where 

G = U~,~+I. I f  F denotes a global field, and E the quadrat ic  extension defining 

G, we can consider a cuspidal generic representat ion 7r (resp. ¢) o f  GA,~ (resp. 

Res~(GL~)Ar).  
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To each holomorphic finite-dimensional representation r of  CG (the Langlands 

dual group of G) one may attach an automorphic L-function 

L(s,  rc x r ,r)  = 1-[ L(s,~rv x rv, r) 
v u n r a m i f i e d  

where L(s,  try × rv, r) is the "local Langlands factor" ([La 1]). By the well-known 

conjecture of Langtands, this Euler product should continue to a meromorphic 

function in the whole plane, with finitely many poles, also satisfying a functional 

equation relating s to 1 - s, called "the global functional equation". 

To prove this we use the "L-function machine" alluded to above. At first we in- 

troduce a global zeta integral interpolating the automorphic L-function L(s ,  ~r x 

z, r), that is 

where 

I(s)  = f v  f ,~(h)E~(h ,s )  dh 
tLn)F\ ( Un, n)AF 

E~(h,s) = alas) ~ f~(yh) 
~EPF\HF 

(see also below). Here E ~ ( h , s )  is the so-called normalized Eisenstein series on 

H = Un, n attached to the function f~  in the induced space Indg r ldet 13, and f~ is 

a cusp form on Un.n+l in the space of ~r. It is well known that Eff,(h,s) converges 

absolutely and uniformly in some right half plane. Now since the restriction of f~  

to HA,~ is rapidly decreasing, the analytic properties of the zeta integral are deter- 

mined by those of E~,(h,s) .  
In the author's thesis [Ta], it is shown that I(s) factors as an (Euler) product of 

local zeta integrals of the form 

~(w,f~,s) = ( W(h)W~T(h,s) dh 
art H\H F 

where F now denotes a local field, Uff the maximal unipotent subgroup of 

HF, W(h)  a function in the Whittaker model of the local component of ~-, and 

Wy~(h,s) a kind of Whittaker function f o r f L  This is Step 1 of the "L-function 

machine". 

As we shall see below, this integral can be explicitly computed in the unramified 

case, and shown to equal a rational function in qF s (qr the order of the residue 

field). In general, such an integral converges in some right half plane and satisfies 



Vol. 73, 1 9 9 1  L-FUNCTIONS FOR UNITARY GROUPS 163 

a functional equation called "the local functional equation", which constitutes Step 

3 of the "L-function machine" (see [TAD. 

In Section 2, we shall explicitly compute the integrals ~'(W,f',s) for unramified 

data. In case E remains non-split over F, we need first to interpret the well-known 

formula of [Cass. Sh.] for class 1 Whittaker functions in terms of character for- 

mulas for finite-dimensional representation of an L group closely related to LG 

and the relative root system (Proposition 1); the computation of the unramified 

zeta integral then involves classical character identities from [We]. On the other 

hand, if E splits over F, then G(F) = GL2n+l (F), and the unramified zeta inte- 

gral is computed via an expansion of Schur functions for GL2n+~ in terms of 

Schur functions for GLn. In both cases, we obtain the result (Theorem 1): 

(*) ~(W,f~,s) = L ( s , r  X r,r) 

where L(s, r x r, r) is the Langlands L-function attached to the representation r 

of LG' induced from the representation pzn+l ® Pn ® 1 of the connected compo- 

nent (ZG')° = GL2n+I (C) x GL~(C) x GL~(C). Implicit in (*) is the presence of 

a local normalizing factor dr(s) (a certain L-function which is attached to the 

group ResF e GL~, and comes from the normalization of the global Eisenstein 

series). This completes Step 4 of the "L-function machine". 

In order to address Step 2, it remains "only" to treat the meromorphic behav- 

iour of the global zeta integral, i.e., the Eisenstein series. This is the subject mat- 

ter of Section 3 of this paper. 

By the theory of Langlands (cf. [La]), it suffices to analyze one intertwining op- 

erator A (s, r, w), where the Weyl group element w "preserves" the maximal par- 

abolic P = (Res~GLn) x U p. In case the inducing representation z is not 

cuspidal, we first write down a reduction to the case of intertwining operators for 

maximal parabolic subgroups and cuspidal representations (Proposition 2). In prin- 

ciple, this reduction is already carried out by Theorem 2. I. 1 of [Sh 2]; however, 

we need to carry it out in our specific case in order to write down explicitly which 

intertwining operators arise. For these "cuspidal induced from maximal parabolic" 

intertwining operators, we then show (following ideas of [Olsh]) that for a certain 

polynomial P in C[t~,~, q,~], 

P A (s, r, w ) f  ~ 

is always entire. (A similar polynomial, but of a higher degree, exists already from 

the general theory of Harich-Chandra; cf. [Sh 2], Section 2.) 
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~ . ~ _  

1 
1 

(1.2) Notation 

(a) Analysis of G as a group over F 

Let F be a local non-archimedean field, E a quadratic extension of F. Write each 

element in E as a + ib where a ,b  is in F, E = F ( i ) .  Let Oe (resp. PF) denote the 

ring of  integers (resp. the prime ideal) of  F, ~0 a uniformizer for F, and qr  the or- 

der of  the residue field. 

Let V be a 2n + 1 dimensional vector space over E equipped with a bilinear Her- 

mitian form ( , ). Suppose that V has a maximal isotropic subspace of dimension 

n and that a matrix form of  ( , ) is 

1 

1 1 12n+l. 

Let G = U,.~+l, the group of  isometries for ( , ), i.e. G = {g E GL2.+I (E)  : 

g t j g  = j ] .  One may regard G as the F rational points of  a quasi-split algebraic 

group (~ which is defined over F, split over E, and whose group of  E rational 

points is GL2,+I (E) .  To do so, we look at Vas a 4n + 2 dimensional vector space 

over F. If  el . . . . .  e2,+l is the basis in which we wrote the matrix form, then 

el . . . . .  ez,,+l,iel . . . . .  ie2,,+l may serve as a basis for V over F. Clearly, in this 

basis each element of  G corresponds to an element g of  GL4,+2(F) of  the form 

-V zl 
g / 8 1 A  j 

satisfying the additional polynomial condition 

~ ° 

-B' A' I S l A  J 

(b) Description of key subgroups H and P 

Denote the maximal isotropic subspace of V (as a vector space over E)  by X, 

then write 

v = x +  (1) + x  Y. 
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where X V is an isotropic subspace of Vdual to X, and (1) is the 1-dimensional an- 

isotropic space orthogonal to X + X v. Let H denote the subgroup of G fixing (l), 

so that H = U,.,, the isometry group of X + X v. Let P be the stabilizer of X in 

H; it is a maximal parabolic subgroup of H, and one denotes its unipotent radi- 

cal by U P. For convenience, pick a basis Xl, . . .  ,x , , l ,x( , . . . ,x; ,  for V, so that the 

corresponding matrix forms of H and P look like 

0 

• "°  0 

0 

1 0 

0 

0 

• ""  0 and 

0 

0 

0 . . .  0 1 0 - . .  0 

0 

, 

0 

(c) Root systems and non-degenerate characters of U ° 

By G, T, Td, we mean the appropriate linear algebraic group defined over F. Let 

T be the maximal torus of G. Let Td be the maximal split torus of G. Put Td in T. 

The root system of G with respect to Tis of type A2,. This is the root system we 

get by the nontrivial weights of the adjoint action of T on n, the Lie algebra of 

U °. Denote this root system by ~. Now restrict the adjoint action to Td to get a 

new root system which is of type BC,,. Denote this root system by E. 

There exists an action of the Galois group GaI(E: F) on ~, preserving the sim- 

ple roots and such that each orbit in ~ corresponds to a root in r~. Also, orbits of 

simple roots of • go to simple roots of r~i This correspondence is obtained by re- 

stricting a root in ~ to Td. Denote the non-trivial action of the Galois group by 7. 

This action on the Dynkin diagram look like this: 

f -  • 

(~1 0(2 O~n O/n+l O/2n-I  O/2n 

Define a non-degenerate character in the same form as in [Cass. Sh.]. Then fol- 

lowing [Sh 1], section 3, one can introduce a global non-degenerate character which 

locally agrees with that character ([Ta]). 
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(d) L g r o u p s  

The L group o f  U.,.+I 

For any torus A in G let X ( A )  (resp. Y ( A ) )  be the group of characters of  A 

(resp. the group of  one parameter subgroups of  A).  Let also LA be the complex 

(split) torus such that X ( L A )  = Y ( A ) .  

The L group of Un,,+l is GL2~+I(C) x I' where I' is Ga l (E :F) .  The action of  

I" on the F rational points of  the maximal torus T produces an action on X ( T ) .  

Identify X ( T )  with Z2"+~; then this action takes the form: 

(171 . . . . .  n 2 n + l )  ~ ( - - n 2 n + l  . . . . .  - - t / l ) .  

This action passes roots to roots and simple roots to simple roots. In turn, I' acts 

on Y ( T )  or on X (  c T) ,  preserving the root system. The corresponding induced ac- 

tion of I' on GL2~+I (C) is as follows: 

y : g ~ j - l g t j  

where 

j =  

1 

1 

1 

- 1  

1 

2n+  1 . 

For each local class 1 representation of  Un,n+l, we recall now the definition of  

the corresponding semi-simple conjugacy class in LG. 

The inclusion of  Y(Td)  in Y ( T )  or of  X ( L T a )  in X ( L T )  as the fixed point set 

of  y induces a surjective homomorphism v : c T ~ z Td. We can choose c Td = 

{(xl . . . . .  x ,  ,1, x ~  l . . . .  , x l l ) ;  xi E C*] and hence v ( t ) = t . t L Note that L T d is de- 

termined only up to its dimension, and indeed in the next chapters we shall iden- 

tify it with the maximal torus of  SPn (C).  

Let A be the endomorphism of  LT defined by t ~  P .t ~. Put U = (KerA) °, V =  

Im g(A) ,  then 

U = [ ( x  I . . . . .  x n , l , x y l , . . . , x l l ) ;  x i E C * } ,  and 

V =  {(x~ . . . . .  x, , ,y ,x , ,  . . . . .  Xl); y , &  E C*I.  

Also v (V) = 1, g (U) = L Ta, and L T = U" V (cf. [Bo], p. 37). 
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Now suppose 7r is parametrized by the unramified character X = X (a ) .  Then by 

the Satake homomorhism (cf. [Cart], p. 146 (19), p. 149 (28)) there corresponds 

an element t~ of  the complex torus t Td given by the formula 

(1.2.1) x ( t )  = v ( t ) ( t~ )  for all t in Y(Td) (see also 2.1) 

where v is the isomorphism: Y(Td) --" X(LTd) (V for "valuation"). It is easy to see 

that 

t~ ( C , .  ~ ~-i t~ - ' )  = . . , t n , t  n , . . . ,  where t / =  X(1, . . . ,¢o . . . . .  1 . . . . .  ~ - 1  . . . . .  1). 

i th place 

So each class 1 representation goes to an orbit of  W in L T a where W = 

N(LTd)/LTa.  According to [Bo] (Lemma 6.4 and Lemma 6.5), there exist bijec- 

tive maps/2, ~ such that 

_ - 1  
L T d / W  ~ , LT>~ 3"/IntN(LTa) ~ (LG° >~ 3")ss/IntLG ° 

with ~ induced by v' : LT >4 3" --, LT d where u'(t,3') = p( t ) .  Then there exists an 

I n t N ( t T d )  orbit in LT >4 3' which corresponds to the orbit of  t,~ under W. Take 

the In tN(LTa)  orbit of  ( tx ,7 )  where 

t x (t~ . . . . .  t , ,1  . . . . .  1). 

Note that p'(tx,3") = t~. 

In the split case, the representation 7r is a representation of  GL2,+I (E) and the 

semi-simple conjugacy class has an easily computed representative in L T ~ F in 

the form of  (tx,1),  where t x = (t~ . . . . .  t~,+l). 

The group ReSF e GL~ 

The L group is GLn(C)  × GLn(C) x F where the action of  I' on GL~(C) x 

GL~ (C) takes (a, b) to (b, a). Given a class 1 representation 7r parametrized by 

the character X of  T, we define the class t x in the L group as follows. In the split 

case, Res~ GL,  (F) = GL~ (F) × GL~ (F),  and X corresponds to a pair of  charac- 

ters (X',X"). So put t x = ( tx ' , tX", l )  where t x' (resp. t x ')  is the class in G L , ( C )  

corresponding to the class 1 representation 7r (X') (resp. 7r (X" )). In the non-split 

case put t x = (t  x, 1,3') where t x is the class in GLn(C) corresponding to the class 

1 representation 7r (X). 
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2. Calculation of Unramified Zeta Integrals 

(2.1) A character type formula for the class 1 Whittaker function of G 

We assume that G is the completion of the quasi-split unitary group U,.,+t at 

a prime of the global field. Thus G is either the F rational points of a quasi-split 

unitary group defined over F (F  is local), or the F rational points of GLEn+l. We 

assume also that G is unramified, i.e. in the non-split case E is unramified over F. 

Now suppose 7r is any class 1 representation of G. Realizing the representation 

7r in a space of Whittaker functions, it is well known that there exists a unique 

function W,~(x ) in this model which is invariant under the standard maximal com- 

pact subgroup K, and equal to l at the identity. The purpose of this section is to 

give a formula for this function in terms of a character of a representation of some 

classical group, and to compute the resulting unramified zeta integrals (involving 

W~(x ) and already referred to briefly in Section 1). 

Recall T is a maximal torus of  G, Td a maximal split torus contained in 7", 

X(Td) (resp. Y(Td)) the character group of Td (resp. the group of one parameter 

subgroups of Td). Note Td = (F*)" and X(Td) = Z n. Let ( ) be the natural pair- 

ing between X(Td) and Y(Td) defined by 

t ~y'x> = )~(y(t)) 

where ~, is in X(Td), y in Y(Td), and t in Gin, the multiplicative group of E There 

exists an onto homomorphism ordra: Td ~ Y(Td) defined by 

(ordra(h) ,k)  = v()~(h)) for all ~, in X(Ta), 

where v is the valuation in F. Then Y(Ta) = Td(F) /T°(F)  where T°(F) = 
Ta(F) N K. Recall LTd is a torus over C s.t. Y(Td) ~- X(LTd). Let C[Y(Td)] be 

the group algebra of the free abelian group Y(Ta). Then C[Y(Td)] = C[x(LTd)] 
and, since L Td is split, C[X(LTd)] = C[(LTd)], the polynomial algebra of LTd. 

• G Let 7r = lndr(F)UC(F)X where X is an unramified character of T(F).  By [Bo], 

p. 43, T(F)/T~p) = Td(F)/T°(F) so X can be regarded as a homomorphism of 

Y(Td). Extend X to C[Y(Td)] or to c[(LTd)]. Then, as a homomorphism of a 

polynomial algebra, it is defined by an evaluation, i.e. there exists t~ in L Td such 

that x ( t )  = v(t)(t~) for all t in Y(Ta) (see also 1.2(d)). 

Our purpose now is to explain the Whittaker function formula 

(wx~2)(t) 
W~(x)(t) = Y], I ]  1 wx(a~d~) ' 

wEWo a > 0  - -  
~ E E  nd 
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which is proved in [Cass. Sh.]. In case G = GL2n+l, this is the known formula of 

Shintani, expressing W=cx~ as a character formula for GL2n+I(C). TO obtain a 

similar interpretation for U~.~+l, we need to consider several root systems (which 

all coincide for split groups). 

Recall r~ denotes the root system of  G with respect to the maximal split torus. 

For any root system ~, ~, denotes the dual root system of • and O,a the non- 

divisible roots of ~, i.e. 

{~ E ~; a / 2  ~ ~1. 

The following theorem is due to Bruhat and Tits and it is taken from [Mac 2] 

(Theorem 2.5.2, p. 28). 

THEOREM. Let G be a simply connected simple linear algebraic group. Then 

there exists a reduced irreducible root system I;0, subgroups N and U~, of  G, where 

tx E ~afy (the affine root system of  Xo), and a surjective homomorphism h : N ~ 

W ( where W is the affine Weil group) such that the triple (N, h, (U~)~er.,s) is an 

affine root structure in the sense o f  [Mac 2l, Def. 2.5.3. 

The root system X;o is not, in general, the root system of G with respect to the 

maximal split torus. Let Wo be the Weyl group of  I~ o. Define now a set r~ as fol- 

lows. For a in X;afy let q~ be the index [ U~-I : U~] ; then X;0 C X;i C I~o U ~ ~o, and 

for o~ in r~o, a/2 lies in I21 if and only if q~+l :# q~ (cf. [Cass.], p. 390). Then I~1 

is a root system with the same Weyl group Wo (cf. [Mac 2], p. 38). Let qcd2 = 

q~+l/q~ and define 

1 if q,~ = qu+l, 

de = 2 otherwise. 

Let V* be the vector space in which r. o is a root system. Let ( ) be the scalar 

product in V*. For a in V* let 6 in Vbe the image of 2a/(a,a) under the identi- 

fication of Vand V*. The set {&;o~ E Eo} is a root system in Vof  dual type and 

denoted Eo. 

Identify & (for a E I~o) with the translation of  V of  the form x ~ x -  &. Then 

can be regarded as an element of W of the form a~ = w,~ o w~_~. By the 

homomorphism h : N ~  W, a,~ is also a coset of Td/T °, since translations in Ware 

the image of T/T ° (see also [Mac 2], p. 16). By the relation 11 in [Cass.], p. 390 

it is clear that the action of W0 on as in Ta/T ° agrees with the action of W0 on & 

as a translation. Then a~ for o~ E r~o can be looked at as the root system ~;0 lying 

in Td/T ° ® R. Therefore, r. 0 can also be put inside X(Td) ® R, the vector space 
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in which r~ lies. Then each a E E is a positive multiple of a unique root k(o~) in 

r, 0 and the map )~ is a bijection of E nd and r, 0 ([Cass.], p. 389). 

' a d~ ~ in  T d / T  ° @ R is the root system ~d .  LEMMA 1. The set~ s J ~ o  

PROOF. If  a E I~0 and a/2  q~ ~l then d~ = 1, ct E r-~ 'd, and a~ a~ = as = &. If 

o~ E r~0 and od2 E r~l then d~ = 2, a and ct/2 both lie in r~l, u /2  E r.7 d, and 

a / 2 ( a  a~) = a ( a s )  = 2. 

REMARK. For a reductive group (as opposed to a simply connected simple al- 

gebraic group), we take I~0 to be the root system of Bruhat and Tits with respect 

to the simply connected covering group of the derived group of G ([Cass.], p. 387). 

LEMMA 2. For Un, n+l, Eo is of  type Cn and E1 is o f  type B C  n. 

PROOF. It is enough to show that for some a E r~o, q~/2 ¢ 1, since this implies 

ct and a / 2  both lie in r~l, and therefore I~ is not reduced. The only nonreduced 

irreducible root system of degree n is of type BCn, and therefore E0 by its relation 

to ~ must be of type Cn. To show that r. is not reduced, take a simple root ct in 

I~ (therefore in End), let P~ be the parabolic of G corresponding to ct, and M~ its 

Levi component. Let ( ~  be the simply connected covering group of the derived 

group of  Ms. There exists a simple root ct such that G~ = SU3. Then by [Cass. 

Sh.] (p. 218), qx(~) and q×ts)+~ are easily computed and are different. (Notice that 

in [Cass. Sh.], the notation qs is used instead of qx(~); see also [Cass.], p. 394.) 

We conclude that for Un, n+l, r'~ a and F- na are of type Bn, and I27a is of type Cn. 

From p. 226 of [Cass. Sh.] we have the following: 

( w x ~ 2 ) ( t )  
Wx(t) = E H 

w~wo ,~>o 1 - wx(a£a~) ' 
c t E ~  nd  

where wx represents the image of  X under w. From the previous discussion in par- 

ticular, Lemma 1 and 1.2.1 we can conclude the following: 

PROPOSITIO~r 1. Let LG be the reductive split group over C with maximal to- 

rus C Td and root system ~7 d. Then 

X 1/2 Wx(t)  = X~.l(ta),~G (t) 

where t is in T°\Ta regarded also as an element o f  V(Ta), v(t)  is the character of  
L G 

L T a corresponding to t by the isomorphism v, (1.2 d) Xo~t) is the character of  

the representation of  LG of  highest weight v( t ), and ~c is the modulus function 

of  the Borel subgroup of  G. One takes both sides of  the formula to be 0 if  v ( t) is 

not a highest weight. 
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(2.2) Unramified computations: The non-split case 

Our purpose is to compute the unramified zeta integral ~'(W,f~,s) which comes 

to us via the global theory of  Rankin-Selberg integrals described in the Introduc- 

tion. In fact, the integral in question reduces to one of  the form 

(2.2.1) 
/ ,  

~ ( W , f ~ , s )  = ~ W x ( t ) W ° ( t ) 6 l / 2 ( t ) l t l s 6 f f ( t ) d t  
a ro\ ra 

where W°(t)  is the class 1 Whittaker function for the spherical representation r of  

the group GLn(E) ,  6p (resp. ~5~/) is the modulus function of  P (resp. the Borel 

subgroup of  H) .  We note that the factor 6~,/2(t) I t I • arises from the definition of  

the (unitarily) induced space Ind~r  I I s, and the factor 6ff arises from the inte- 

gration formula corresponding to the Iwasawa decomposition U H TO\ TaK. Note 

also that Td is simultaneously regarded as the maximal split torus of G , H ,  and the 

copy of  ReSeF GL~ in P. 

By Proposition 1, 

= , t . ) 6 c  (t)  Wx(t ) v s P .  7, ~ 1/2 
~"(nl . . . . .  n.) ( t l  , ' ' "  

where ( t{ , .  ~ ~-' ~-' . .  , t n , t .  . . . .  ,t~ ) = t~ and (nl . . . . .  n.)  = v ( t )  (see also 1.2 (d)). 

On the other hand, by the well-known formula of  [Shin], 

WO(t) XGLn ~" 1/2 ~.~ .. . . .  . . ) ( t [ ,  . . . . .  t . ) 6 G L . e ( t )  

where (t~ . . . . .  t/,) is the class in GL,  (C) corresponding to r. Also note that 

~GI/2(t) : ~SCL.F~( )6~/2(t)ldet(t)[~/z and 6 n ( t )  = 6 C L . e ( t ) b p ( t ) .  

If in the definition of induced representation Ind r] I s we replace s by s - ~, then 

the local integral reads 

5-] xSV.( tL . GL. . . . , t n )X× (tl . . . . .  t,~) q{ Ixls 
all partitions ), 

of length n 

where [ )~] is the weight of  ), (in the sense of  [Mac 1], i.e. [ )~] = ~ j  nj). 

In the notation of  Macdonald ([Mac 1], p. 24, or [Shin]), 

aX+~(t[ . . . . .  t~) 
xxaL"(t{ . . . . .  t~) = 

a~(t/" . . . . .  t~) 
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where 6 = (n - 1 . . . . .  0) and 

ax(t{ . . . . .  t ,  ~) = 

t {  f l  • . . 

g { f "  . . . 
t~' .  

for  all highest weights X = (f~ . . . . .  f , ) .  Since 

ax+~(atf  . . . . .  a te)  a x + ~ ( t f  . . . .  ,t,~) = (a)~I, 
a6(a t f  . . . . .  a te)  a~( t{  . . . . .  t,~) 

we let t[ = t[q~ ~ and absorb  q{SZ,, in xxGL"(t~ " . . . . .  t,~). NOW let 

¢,( t ] )  = 1-[ (1 - tTt]) I-~ (1 - tJ-~t]). 
l< . i<_n  l ~ i < _ n  

Then  fol lowing [We], p. 220 (last formula) ,  

a~(t /  . . . . .  t~) I-[  (1 - t[tf) 
i<j 

II ¢.(tf) 
l <- j<-n  

- ~], I tf,+n-I ~ ' f n l Y S P n  7r 
- - . . . . . . .  r I A ( : ,  . . . . .  : . ) ( t ~  . . . .  , t . ) .  

f l  > f 2 >  " " - > f n > 0  

Dividing bo th  sides by a~(t{ . . . . .  t,~) gives 

I-[ (1 - titS) 
i<i _ ~ xxCL.(t(, , r , v S P . , , ~  t2) .  

• • • ~ n l ~ t l h  ~ 1  , • • • 

I I  ¢~(t]) x 
l<_j<_n 

So if we recall tha t  we put  ( in place o f  tTq{ s, the last f o rmula  reads 

1 [  (1 - ( 6 q / 2 s )  
i < j  

I ]  ( l ~  ( ( 1 - t : t ; q ; ' ) ( 1 - t T - ' t ] q e ' ) ) )  
l<_i<_n l<_j<_n 

---- E xGL"( / I"  " "r'tvcSPnl'Tr . . . .  ,JAX ~'1 . . . . .  t_.~__ Ixls..~a~- 
;x 

(2.3) Unramified computations: The split case 

Here  G = GL2n+l (F)  and  (ges  G L , )  (F )  becomes  G L ,  (F )  x G L ,  (F ) .  Recall 
Wx(t ) = ~ l f G L 2 n + l / , ~ r  t ~ ~ 1 / 2  t tx where t = (tl  , t . ,1,t.+l, t2n) 2 I v ( t )  [ t l , ' ' ' ,  2 n + l l  G L 2 n + I ~ ,  ! ~ . . . . . .  
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and ((t~ . . . . .  t~.+l), 1) is the semi-simple conjugacy class of  L G corresponding to 

the class 1 representation a-. Recall now the definition of  indp ~ r '  ® r". If  V' ® V" 

is the space on which ReSeF GL.  acts, then for g in the copy of  Res,~ G L . ( F )  in- 

side P, 

a 

g =  
j b t - ' j  

and g(v" ® v") = r'(a)v' ® r"(b)v". Therefore 

WAt) vGL. , , v G L n  , ~xl/2 ( t )  
= x ~ v ( t l  . . . . .  t n ) ( U l  . . . . . .  r t J 2 ~ v ( l ~  2 . . . . .  /n-+ll ) ( U 1 . . . . . .  n I V G L n × G L n  , 

where ((ul . . . . .  u.),(v~ . . . .  , v . ) , l )  is the semi-simple conjugacy class of  

c (Resep GL. )  corresponding to the representation r, and v (tl . . . . .  t .)  is the p-adic 

valuation of  (h  . . . .  , t . ) .  

A similar computation as in the non-split case shows that 

6 H = ( ~ G L . x G L . ( t ) t ~ p ( t ) ,  

6a(t) . . . . . .  t ~ G L . x G L . ( t ) f p ( t ) l d e t ( t l , .  . ,tn)lFoldet(t~ 1, t.+l)lF~,-I 

and 

Itl~ ~ . . . . .  Idet(t, . . . .  t . ) ] ~ l d e t ( t ~  l, ,tn+l)]F.-1 ~' 

So again, we change s to s - ~ to get 

~(W,f~,s) 

(2.3.1) = Z x G L 2 n +  l ~r *r 
ta~ . . . . .  a . , o , - b  . . . . . .  - b , ) ( t l  , -  • • ,  t2n+l) 

a l  > a 2 >  • . .  > a n > O > - - b n >  • . .  > - - b l  

x G L n  ~, ~WGLn X (a l  . . . .  a,,) ( U l ,  • • • , ' * n l a ' ( b l , . . .  , b , ) ( V l ,  • • • ,  V n ) q  - ( x i a i + b i ) s .  

To compute (2.3.1) we first put vi v~qF~ and ut iqr~, then q-(r,a, ls (resp. 

q-(r~b,)s) is absorbed in vGL. "(a~ ..... a.)(Ul, .,Un) (resp. X GL" • . (b, ..... b.~ (vl . . . . .  v.)). 

Recall 

x G L 2 n +  1 : Q h + ~ 5 ( l f  . . . . .  t [ , )  

a ~ ( t ~ "  . . . . .  t , ~ )  
([Mac 1], p. 24; [Shin]). 

Now express the numerator 's determinant in terms of  its (n + 1, n + 1) minors m 

which sit in the upper n + 1 × 2n + 1 rectangular submatrix. We then get 
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X GL2.+I ( t ~ ,  ~ ) 
• • • ~ t 2 n +  I 

= ~]  sgn(m) 
m 1-[ ti -- tj  

i<j 
not both in same 

subset of t's 

xGLn+ l (al+n . . . . .  an+n,n) ( tmt . . . . .  tmn+ l ) 

x G L n  
X t - a  . . . . . .  -b~)(tm.+2 . . . . .  tmz.+l) 

where (trot . . . . .  tm.+l ) is the choice of  n + 1 elements from the set It{ . . . . .  t2n+l l ,  

defining the minor m. Notice 

xGLn+ I n (a,+n . . . . .  an+n,n) ( tm~ . . . . .  tm.+~ ) = x?L,n.+. 1. ,an,O)( tm~ . . . . .  tm.+~ ) ( I m p ' ' "  tmn+~) 

and 

x G L n  y G L n  --1 . .  t - - 1  
( -0  . . . . . .  -O,)( tm.+2 . . . . .  t m 2 , , + , )  = ~ ( a ~  . . . . .  b.)( tm.+2,  • , m2n+l )" 

So the zeta integral now reads: 

sgn(m) 
m aibj 

1-[ ( t l -  tk) 
l<k 

not both in same 
subset of t's 

x~L,n+. 1. , a n , O ) ( t . , ,  . . . . .  t m . + ,  ) 

x G L n  ,,  xXGLn t - I  . .  t - l  
X (al . . . . .  an) (//1 . . . . . .  n !  (b I . . . . .  bn) (  mn+2," ' m2n+l ) 

y G L n  1 X ~"(bl . . . . .  b,,) (Vl  . . . . .  V n ) ( t m .  " . t m n + l  )n . 

Now, it is well known ([Mac 1] (4.3), p. 33) that 

X~L,"+) ,a.,O)(tm~,. t ~X GL~ • ' '  mn+lJ (al . . . . .  an ) (U l  ' ' ' ' ' u n )  
ai I [  (1 - -  tm, Uj) 

l_<i<n+l 
l<_j<_n 

and 

E v 'GLn it-1 +-1 ~/ 'GLn 
~l~(bl . . . . .  bn) ~ mn+2' " " " ' Cm2n+l ]"~(bl  . . . . .  bn) ( UI ' " " " ' Un) = 

b~ 
n+2<_i<2n+l 

1 < _ j < _ n  
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m ~,+1 defining the minor m ([~rn C { 1 ,  . ,2n + 1 }). Let F ]  m denote the set [ iii=l ' '  

Then the local zeta integral is 

Y', sgn(m) ~] 
m aib j 

1 1 1 

IX ( t l -  tk) 1-[ (1 - tluj) I - [  (1 - ti-lvj) 
I<k I~Drn Iq~l"lm 

n o t ( / a n d  k)q~t2m l<_j<-n l<-j<_n 
n o t ( / a n d  k) E O  m 

Clearly, the common denominator over all minors is 

1 1 1 

I'[ ( t t -  tk) 1-'[ (1 - t71vj) 1-[  (1  - tiuj) 
l<k  l < i _ < 2 n + l  l_< i_<2n+l  

l ,kE [ 1 . . . . .  2 n +  1 ] 1 <--j~n 1 <_j<_n 

For each minor, we have the following element of the local integral: 

sgn(m) I ~  (h-- tk)  1-[ (tt--tk) I I  ( l - - tT lv j )  1-I 
I<k I<k j j 

l,kEU] m l,k~U]rn I~[]m 1~Om 

( 1 - t / u j )  1-[ (tl)" 
lEE] m 

1-[ (1 - tF 1Vj) ]'I (1 -- tiuj) I I  (tl-- tk) 
i , j  i , j  l<k  

I,k 

Denote by * (m) the numerator and let (**) be Y,m * (m). 

We shall show now that 

(**) = I'~ (1 - uivj) 1-[ (tt - tk). 
j , i  I<k 

l,k 

For that, we regard (**) as a polynomial in the ui's. 

Step 1. For any i and any j ,  v71 is a root of (**) as a polynomial in ui. Thus 

1-I(ui - vj -1) divides (**) and, since the degree of ui is n, 

(**) = C 1-[ ( u i -  vf~).  
j ,  i E I l  . . . . .  nl 

Step 2. The constant term of the polynomial (**) is 

I [  ( t l -  tk). 
l<k  

I,kE [ 1 . . . . .  2 n +  1 ] 

So the polynomial (**) is 

1] (~ - u~vj) y[  
j ,  i E [ I  . . . . .  n} l<k  

I, k E  I 1 . . . . .  2 n + l  } 

(tt - tk). 
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F rom this, it follows that  the zeta integral equals 

1-I (1 - -  UiUj)  
i , j  

H (1 - ttui) H (1 -- tFlvj) 
i,I I,j 

Proof  o f  Step 1. P u t  /flf-I in place o f  ui, then mult iply and divide (*) by 

(i-Item,, tt --1) vf .  Then  IIl~[[]m (1 - tlUi) becomes II/~t2,,(1 - t l l v j ) ( - 1 )  n. For  

this j ,  Ht~Dm (1 - ti-lVi) also appears  in (*), and we may take 

I I / E s [ l  . . . . .  2 n + i ]  (1 - t i - l v j ) ( -1)nv;  

outside o f  the summation.  Now it is left to show 

Z 
m 

H (tt - tD H ( t t -  tk) H (1 - tTlvk) 
I<k l<k k 

t, k E  ~m l , k q ~ m  IE D m 
k.j  

× I I  ( l - - h U k )  I I  (tt)n H ( t t ) = o .  
k IEDm Iq~Dm 

k ~ i  

To show that this sum is zero, we shall express the coefficients of  the v's and the 

u 's  in terms o f  determinants  in the variables t, with each determinant  zero.  First 

we need some notat ion.  

Let  Xl . . . . .  x ,  be n indeterminants ,  and ), = (nl . . . . .  nn) a part i t ion.  Denote  

X ~  1 . . .  X ~  l 

xp . . . .  xg" 

by (nl . . . . .  nn) [ x l , . . .  , x . ]  or simply by (nl . . . . .  n . ) .  Then  II l<k (xl -- Xk) is 

(n -- 1 . . . . .  O) [xl . . . . .  x~], or just (n -- 1 . . . . .  0). Denote the i th elementary sym- 

metric funct ion o f  the xi's by ei[xi . . . . .  x~] or by el, that  is, ei is the i th  coeffi-  

cient of  I I j~l  (1 - xf l) .  Also, e/-1 [X 1 . . . . .  Xr/] denotes ei  [ x l  I . . . . .  x n l ] .  (We agree 

eo = 1.) 

L E M M A .  

(1) e i . ( n -  1 . . . . .  0) -- ~ , i nz i (n  - 1 . . . . .  0) + e ,  

(2) e / - l .  ( n -  1 . . . . .  0) = ~ i n l i  ( n -  1 . . . . .  0) - e ,  

where I~ is the set of  all n tuples (~_  1 . . . . .  ~o) of  zeroes or ones such that ~, ej = i. 
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PROOF. (1) is a s imple consequence o f  the differential  equat ions  satisfied by 

characters  o f  highest weight modules  o f  GLn [Shin], and (2) is a consequence o f  

the fact tha t  

x G L n  ( a l , - . - , a n )  ( X  1 , . . ,Xn) = 'v~rGL n --1 • "~  ( - a  . . . . . .  - -a l )  ( x l  . . . . .  x n - l ) "  

We say tha t  the weight (nl  . . . . .  nn) " inc ludes"  (ml  . . . . .  ran) if, for  all i E 

(1 . . . . .  n ) ,  ni > mi.  Also,  

1 

Xl " • "Xn 

denotes  the p roduc t  o f  the x ' s  excluding xt. We now go back  to  the p roo f .  

The  coefficient  o f  

k 1 
u(l . ~ . uinn v / l  . ^.. UnJn 

w h e r e i l  . . . . .  i n E [ 1  . . . . .  n } , j ]  . . . . .  J n E [ 1  . . . . .  n + l l i s  

( ) ' I I  tmi { ( n  - -  ] . . . . .  O)(e i l .~ . . e i . ) l [ tm .+2  . . . . .  tm2n+l] 
i E { n + 2  . . . . .  2 n + l l  

/ 

• ( t i n , ,  • • • ,  tm.+, )nl(n . . . . .  0 )  ( e ~  t" : .  ej~ ] ) l  [tm, . . . . .  tin.+, 1. 

Note  

and 

( ) 1-~ tin, [(n -- 1 . . . . .  O)(ei, . : .e~.)} [tm.+~ . . . . .  tm2.+,] 
i E { n + 2  . . . .  , 2 n + l ]  

l 

= [ ( n  . . . . .  1 ) ( e i  I "~"ei . ) l  [tm.+2 . . . . .  tm2n+l] 

1 

( tm I . . . . .  tm,+,)n{(n . . . . .  0 )  ( e j ~  I . A  . e j~ l ) l  [tml . . . . .  t i n , + ,  ] 

1 

= { ( 2 H  . . . . .  r / ) ( e j ~  1 • A ' e j ~ l ) }  [tm I . . . . .  tm.+,]. 

In view o f  the l e m m a  above,  

/ 

(n . . . . .  1) (ei~ .A "ei.) 

is a sum o f  weights all " included in" (2n - 1 , . . . ,  n) ,  and  

I 

(2n . . . . .  n ) ( e ~  I . ^ . e £  1) 

is a sum o f  weights which all " include"  (n + 1 . . . . .  1). Thus  the coeff icient  o f  

u~ 1 • • • un;"'d'~l • • • v,J" is a sum of  weights all o f  length 2n + 1 with entries f rom 1 to 
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2n - 1 so at least one integer appears twice. But then look at each such weight as 

a minor in a determinant with two rows the same, and sum over all minors with 

the corresponding sign of  the minor which depends only on the choice of  the in- 

determinants. This concludes Step 1. 

Proo f  o f  Step 2. The constant term of  the polynomial (**) is 

)-] sgn(m) I I  (t.,, - t,.k) 
l < k  

l, k E  I 1 , . . .  ,n+ 1 ] 

II 
I < k  

I, k E  I n + 2  . . . . .  2 n +  1 ] 

t n (tm, -- tmk)(tm, . . . . .  m.+,) 

o r  

~] sgn(m)[(2n . . . . .  n) [tml . . . . .  tm.+,]l I(n - 1 . . . . .  O) [ t in .+2  . . . . .  tm2. . , ] l  
n 

= (2n . . . . .  O) [ f i , . . .  ,t2n+l] 

and this concludes Step 2. 
U --S ~ --S Now recall, we originally put ui ;qr~ and v i uiqF. Thus we have shown 

finally that 

~ ( W , f ' , s )  = 
1-~ (1 -2s - U~VjqFo ) 

I ' [  (1  - t{-'vjqi~) I-[ (1  - tfuiqi~) 
k • [ I  . . . . .  2 n + l l  k E I l  . . . . .  2 n + l l  

j e l l  . . . . .  n l  i ~ 1 1  . . . . .  n l  

(2 .4)  Zeta  integrals  and L - f u n c t i o n s  

We may summarize the results of  sections (2.2) and (2.3) as follows. Let 

~ ( W , f ' , s )  = f o wx(t)w°(t),5~/2(t)ltlS-~/z,57~l(t) dt. 
T a \ T a  

Let r ° be the representation of  ZG'° = GL2.+I(C)  × G L . ( C )  × G L . ( C )  of  

type P2.+1 ® P. ® 1 where p. is the standard representation of  GL.  (C). Consider 

the extension of  r ° to r on LG' = LG'° x F such that 

gV ® b g~® b 

g ® a  g ® a  
r(g,a,b,3,)  = and r(g ,a ,b ,1)  = 
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Define 

I I I  (1 - tT t jq72S) - l l I  (1 - tTqF ~-') non-split case, 
i< j  i 

d~(s) = { 

L {II (1 - UiVjqF s) }-1 split case. 

TnEOI~M 1. For unramified data (i.e., unramified r ,7 ,  W , f  ~) we have 

d~(2s)~(W, f* , s )  = L(s,~r x 7,r), 

where L(s ,  r x r ,r)  = ( I  - d e t r ( t ) q ~ )  - l ,  and t is the class in LG' correspond- 

ing to the representation 7r x T. 

We note that d~(2s) is the L-function for Rese e GL~ which naturally arises from 

the adjoint action of that group on the unipotent radical of P; cf. [Shl], p. 564. 

It is also the global factor which "normalizes" the Eisenstein series El, (h ,s ) .  

3. Intertwining Operators 

To analyze our Eisenstein series, for a function in the space induced from a max- 

imal parabolic subgroup of H = U.,., we have to understand the analytic behav- 

ior of one intertwining operator. Locally, we are concerned with the operator 

f ( g )  ~ f wof(gwon) dn 

w h e r e f E  Indent • I iS, w0 is 

'o] 
N ~  is the unipotent radical of the parabolic opposite to P, and 7 is an irreducible 

representation of Res~GL,. We denote this operator by A(s ,7 ,  wo). It is well 

known ([Sh 21) that the integral defining A (s, 7, w0) converges absolutely in some 

right half plane Re(s) >> 0. 

(3.1) Reduction to cuspidal induced from maximal parabolic 

Our purpose in this section is to reduce the analysis of the intertwining opera- 

tor A(s ,7 ,  Wo) to the case where r is cuspidal and P is a maximal parabolic. As 

mentioned already in the Introduction, we carry out the general reduction argu- 

ment of [Sh 1] (Theorem 2.1. l) in order to explicitly describe the intertwining op- 

erators of cuspidal-maximal parabolic type that occur in A (s, 7, w0). Because the 
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split case, which concerns only GL2,, is actually treated in [Sh 3], we deal here 

only with the non-split case, i.e., with the case H equals the quasi-split unitary 

group Un, n. 

First we introduce some notation. Denote by el . . . .  , ~, the Z basis of X(Td) .  

Let A denote a basis of the relative root system r.. This root system is of type C~. 

To each 6 a subset of A there corresponds a parabolic P~ of U,,,  defined over F. 

For any 6 '  and 6 subsets of A, let W ( 6 , 6 ' )  denote the set of all Weyl group ele- 

ments taking 6 to 6 :  For w E W ( 6 , 6 ' )  set 

where 

~ w  = N ;  n - l  + w N~, w, 

N ~ =  1-I US, 
~E~ ± - ~  

U s the root subgroup of ol, ~+ (resp. ~-) the positive (resp. negative) roots of Z 
and ~ (resp. ~-) the positive (resp. negative) roots of ~; in the span of 6 (resp. 

- 6 ) .  Now fix A = [ei - ej,2~n}i.j, and let 6 = 6 '  = [el - ej}i.j. Note Wo E 

w(6,6'). 
Let P(n) denote Pl~,-~jl,,~, which is a maximal parabolic subgroup whose Levi 

component is ResF e GL(n) .  Also, let 8(n) denote the modulus function of that par- 

abolic. Note that Nwo is the unipotent radical of  the parabolic opposite to p(n). 

Suppose now z is an irreducible representation of GL, (E). If r is non-cuspidal, 

then it is contained in an induced-from-cuspidal representation of a parabolic sub- 

group of GLn (E) of type (nl . . . .  , nk), i.e., there exist cuspidal representations ri 
G L n ( E )  of GL., such that r is contained in IndPin , ..... .~) zl ® " "  ® zk. Note that any 

standard upper parabolic subgroup in GL. (E)  defines a standard upper parabolic 

subgroup of Un, n included in Pin). Let 0 be the subset of A which corresponds to 

the parabolic of Un, n which corresponds to (nl . . . . .  nk). Then we denote 0 also 

by (nl . . . . .  nD. Similarly, let 0' be (nk . . . . .  nl) .  Then Wo E W(O,O'), and we 

may regard A (s, z, w o ) f  as the restriction to Ind r[ I ~ of a certain intertwining 

operator belonging to the parabolic Po. More precisely, regard f as an element of 

s~)--l/2 x l / 2 .  indpU~';,7 ....... )r,[ t s ® . . . ® r k [  (,, ..... ,k)"i~), 

then the action of our intertwining operator coincides with the action of the inter- 

twining operator A((s l  . . . . .  sk), rl . . . .  , rk, Wo) on f ,  where ( s l , . . .  ,sk) is the k tu- 

pie corresponding to 8(-,1~2. • • ,,k) vx 1/21oin)~ °, . . . ,  s). Note that in this section, for all 

induced representations the Levi component acts on the right (following [Sh 2]). 
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PROPOSITION 2 (The inductive step). The intertwining operator A (s, r, Wo) may 
be expressed as the product 

A(s ' ,z ' ,w')  IX B((s/.,sj),rj,ik, wk.j)lA(s/~,rk, wk). 
k>j 

Here A(s[~,rk,Wk) is an intertwining operator for U.~,.k defined exactly as for 

U.,. above, except that now zk (in place of  r) is a cuspidal representation of  

Res~ GL.k (in place of ReseF GL.) .  s~ is a translation of sk computed below. Also, 

B ((s/,, s~ ), r j, ik, Wk,j) is the intertwining operator for GL..+.j  (E) defined by 

where 

f -o  fO%..~ f(wk,jn) dn 

f E ind~L"k+") ~) (vj[ [sl) (rk I ]-s)), nj.nk 

P.j,-k is the parabolic subgroup of  GL.~+.j(E) of  type (nj,nk), U%.'. the unipo- 
- t - I  tent radical of  the parabolic opposite to Pnj,.k, fk(g) = rk(Jkg Jk), and 

Wk'j -'~ I. k 0 " 

Finally, A (s', w', z ')  is the intertwining operator for U.-nk.n-.k defined exactly as 

for U.,n above, except that now r '  is a representation of  P(,,-nk) trivial on its 

unipotent radical and, as a representation of  its Levi component Res~ GLn-.k, it 

is induced from a cuspidal representation Zl ® " • ® rk-i on a parabolic of  type 

( n l , . . . , n k - 1 ) .  

PROOF. We follow the computation of  Lemma 2.1.2 [Sh 2] to decompose 

WNw into some lower-dimensional groups. At each stage we have a subset 0i of  

A and w[ an element of  the Weyl group. We look for a simple root o~ ~ 0 i such 

that w[(a) E ~-. We add this root to 0i and denote by fli the set 0i U {a}. Now 

wl,niWl,o~ = wi passes 0i to its conjugate 0~ in 9i (where w,.n, (resp. w~.oi) is the 

longest element in Wn~ (resp. W~)). Then wi'+l is w/w[ -1, and 0i+1 = 0i. 

Here 01 = (ni . . . . .  nD. Pick a = 2e. ~ 01 so w;(2e.)  = - 2 e .  (w; = Wl), and 

['~1 : 01 ~'j {2e. ]. This stage produces the first intertwining operator, which flips ~'~ 

with its contragredient. Then 02 = 0~. In the next stage, pick c~ to be the root that 

sits "between" the (k - 1)st block and the kth block. This stage produces the 

intertwining operator that "flips" GL.~ and GL.~_, in GL.~_,+.~. Then 03 = 
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where f E indeV~.'2~ ~ z~ I 
type operator: 

( n ~ . . . . .  nk, nk-  1 )" Next we pick ot to be the root that "sits" between the ( k - 2)nd 

block and the (k - 1)st block of 03 (which is GL.k ). We go on until the block 

GL.  k sits in first place. Then 0g+~ = (nk,n~ . . . .  ,nk-l) .  

Using this decomposition and Theorem 2.1.1 in [Sh 2], we can write A (s, wo, r) 

as the composition of operators of the following three types. First comes the 

operator 

f ~  fo,,of(w n) dn 

s,,x-~/zop~..~ ~.t,,,x~/2. The second intertwining operator is a "B" 

f ~ f o  f (Wk,  k - l n ) d n  
Pnk_l,n k 

indCL . . . . . .  ~e)(Z I Isk-,)(ekl I--S*,~I/2X--I/Z and the next k - 2 where f ~_ P. . . . . .  - k - I  I v P O z U P n  . . . . . .  ' 

operators are of the same type. Finally, the k + 1 intertwining operator A (s; r ;  w') 

is 

f ~ fo.o .k f ( w ' n )  dn 

w h e r e f E  indeV"_-"; . . . . .  zl [ I sl ( ~ " "  (~) Tk-I I sg_ ,~1/2 ,~-1/2 Vpok+ ' vp._. . 
This completes the proof of Proposition 2 (more details are given in [Ta]). 

W' COr~CUJDINO RV.MARKS. (1) The intertwining operator A(s ' , r ' ,  ) is of the 

same type as A (s, z, w0), except that we are dealing now with a partition of n - nk 

in place of n and therefore we can continue this process inductively. On the other 

hand, the intertwining operators of type 1 and 2 above really correspond to the 

case of maximal parabolics and cuspidal representations of  the Levi components. 

Therefore, if we continue this reduction inductively in A (s', r', w'), we indeed ob- 

tain an expression for A (s, z, w0) in terms of operators for maximal parabolics 

and cuspidal representations. 

(2) The argument given here depends only on the root system, and hence is also 

good for split groups of type Cn. 

(3.2) Analytic behavior of intertwining operator for U.,. 

Our purpose in this section is to study the operator A (s, T, W0) in case P is max- 

imal parabolic in H = U~,. and z is a cuspidal representation of ReSF e GL.  on 

some space V~. 
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It is known (cf. [Sh 2], Theorem 2.2.1) that there exists a polynomial p (r,s) such 

that p ( r , s ) A  (s, r, Wo) is holomorphic. This polynomial is described in terms of 

the central character of r. Using the methods of Olshanskii [Olsh] we shall give 

some results with a similar polynomial but of lower degree. 

Following now the notations of [Olsh], our induced representation will have the 

Levi component acting from the left (instead of the right, as in [Sh 2]). Therefore, 

A(s , r ,  wo)f(e) = f v  p f ( w n ) d n  

where U P is the unipotent radical of P. The integral is known to converge abso- 

lutely in some half plane s >> 0. 

The theorem below is stated for n = 2, but should be proved in general with ex- 

actly the same argument. 

THEOREM 2. Suppose [ E : F] is an unramified extension, r cuspidal, and n = 

2. Let f be in Ind zl I s, such that f ( K )  is in C[q]~,qS].  Then 

(1) (1 - qF4SX(w))A(s,z, wo)f(e) is in C[q#,qTS], where X is the central char- 

acter o f  r, evaluated at the diagonal element w. 

(2) For f having compact support outside PO p, A ( s, r, wo ) f ( e ) is in C [ q# , qiS ] . 

REMARKS. (1) We say that the A (s, r, wo)f  has some analytic property (*) if 

all complex valued functions s --, (A (s, z, wo)f(g),  v) for all v in V~ have the prop- 

erty (*). 

(2) Restrict r to P fq K and denote by ~ the space Ind~nKz. Then f o r f  in V~, 

flK is in ~ .  Moreover, for ~b in V  ̂define ( i ,$)(g) = z(p)lPlSeqb(k) where g = 

pk. Then ivh is in ~ and iv is an isomorphism of ~ ~ ~ .  

(3) The relative root system of H, that is, the root system of H with respect to 

the maximal split torus, is of type C2. Denote by Wu its Weyl group and by Wm 

the Weyl group of GL2. Then WM\ W H / W  M contains three double cosets, with 

representatives 

- 1 I - 

1 - 1 
wo= , w~= and w 2 = l .  

1 - 1 

1 - - 1 

To show this, we look at the action of WH on C[t l , t2 , t i -J , t~] .  Then the double 

coset of w~ takes tl to t?  ~ or t2 to t~ -~, the double coset of Wo takes both tl and t2 

to their inverses, the double coset of w2 takes tl to t2, and that is all of Wn. 
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(4) By the first remark, we can replace won by W'won where w' is 

to get an integral .fvp f(JEn n)dn with the same analytic properties. Henceforth,  

we write w for JEn. 

PROOF. We follow an idea of  Olshanski [Olsh]. Consider a collection of  open 

sets [XiJ in P \ H  covering the points ~i = Pwi, i = 0,1,2 (where the wi's are the 

coset representatives above for WM\ W,/WM). Then the set of  right translations 

of  {Xi} by elements in P is a cover of  P \ H ,  since H = kJwM\WH/wMPwP The 

fact that P \ H  = P f') K \ K  is a compact space implies one can find a finite sub- 

cover denoted x; . . . . .  Xq (where X j  = Xip '  for some p '  in P) .  Define, for i = 

0,1,2, 

N~ = U P  N w i U P w i ,  Ni~ = P 1~ w i U P w  i. 

Then 

1 

1 
N ° = 1 ,  N~ = , where y i s i n F ,  and N 2 = 0  P, 

1 

iy 1 

1 

N ° = U  P , N~ = x 1 iy where y i s i n F ,  and N 2 = 1 .  
1 

- . ~  1 

Let p denote the map H--, P \ H .  

LEMMA. For each i = 0,1,2, 

O : N~ w i n  ~ --} P \ H  is a homeomorphism. 

PROOF. Let UP(F) (resp. UP(E)) denote the F (resp. E)  rational points of  

U P. Take now an open set VF in UP(F). It is the intersection of  lie open in 

UP(E) with UP(F). By [Olsh], PE : U(E) --} P(E)  \ H ( E )  is a homeomorphism 

(the case i = 2 for GL4(E)) .  Now for i = 2, the lemma follows from the fact that 
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P(E)  Ve rl H(F)  = P(F)VF (this is easily verified by a simple computation) and, 

as for the other cases, note that N~ wiN~ = UPwi . 
Returning to the proof of the theorem, pick open compact neighborhoods U~ 

(resp. U~/) of the identity in N~ (resp. N~/). By the lemma, the image of U~ wi U~ 
is open in P \ H ,  and it covers ~i = Pwi. Recall X[, i = 1 to q is the finite cover 

on P \ H  described above. So K = Uq=l {P t3 KIX[ ,  and we can write ~ in E as a 

sum of ~bi's with p (support (~bi)) C X[.  Without loss of generality, we suppose 

~b = 4~i so support of i ~  is in PU~ wi Ui~p '. 

Define ~b~ on N~ × N~ by ffT(nl,n2) = (i~d~)(nl wn2p'). Then it is easy to check 

that 

(a) ff~ has compact support on U~ x U~. (If n~ E N~ but not in U~ or n~ E N~ 

but not in U~, then n~wini~p ' ¢~ PU~wiU~p' since O is 1 to 1.) 

(b) ~b~ is locally constant uniformly with respect to s, that is, for any u a, u2, 

there exists compact neighborhoods Ua, U2 such that u~ E /./1, u2 E U2 and 

J/~( Ul, Uz) = c(s) where c(s) is some constant depending on s. (This follows from 

the fact that ~ is locally constant and ]det( Ufwi U~p')] = ]det(p')] .) 

We continue now with the explicit computation of the intertwining integral. For 

each case i = 0,1,2 we specify a decomposition of wn as DX" where D is in P. So 

D goes out of the integral and we are left with integration of  ff~ on X[.  

Case 1: i = O, ¢b = 4~o 
In this case, ~b~ has support in wUPp ' where p' = m'n'. By a change of 

variables, 

rue ( f (wn) ,  v) dn = fu  p (i~¢bw(m'-lnm')n ', v)6vp(m') dn. 

Using the identity (wm'-~w)wnp ' = (wm'-~w) wnm'n' = wm'-~nm'n ', and 

moving (wm'- lw)  to the right side of the inner product ( , ), the last integral 

equals 

rue ( i~4~( wnp'), ( wm "-1 w -l ) V)Svp(m' ) dn 

= fu"  (~bT(n)'(wm'-lw-1)V)SuP(m')dn" 

Since ~bT has compact support in U P and it is locally constant with respect to s, 

the last integral is in C[qy~,q]~]. 
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1 

Case 2: i = 1, 4~ = (~1 

Use the decomposi t ion:  

n y  I P n  - I  

,*., A 

Yl - -a  - l  1 

1 I 

1 - Y l  1 

1 a 

g a  --  I 

1 

1 

1 

1 

f 

1 

Yl 

g y l y 2  

Y 2  

1 

-Yl 1 

1 1 - - a . P l  a 

1 1 x y ~ a  

1 1 

1 1 

where a is in iF*, Y2 is in iF, and x = Y2 + Y~ aYl. So, normaliz ing the measure  dn 
as before ,  we have 

f v  p v) dn (i~4~(wn), 

= fiF~ xExiF ( i r c k ( P a - ' g a - l W l g Y l Y z P ' ) ' ( w m ' - l W n y l ) - l v ' )  

x [al~6w,,(m')dadyldy2 

= Wlgyly2P'),(wm'-lwny,)-lv') 

x lalzs-a/21al~e6t, p(m') dadyldy2 

= ( Z ( P a ) f r ( g a ' g Y l Y 2 ) V ' ( w m ' - l w n y l ) - l V ' )  
da~da * ×E×iF 
a"-'~a - 1 

× [al~6u,'(m')da*dytdy2. 

Note  ~b~ and Yl ~ ny, v '  are locally cons tan t  un i fo rmly  with respect  to s and CT is 

c o m p a c t l y  s u p p o r t e d  on  (ga,gy~y2)- The re fo re ,  the last integral  is a sum o f  

integrals 



Vol. 73, 1 9 9 1  L-FUNCTIONS FOR UNITARY GROUPS 187 

where R is compact and open in E (might contain 0), R ('1 iF* is closed in E* and 

the matrix coefficient has compact support in E*, since r is supercuspidal. There- 

fore, the last integral is in C[qF ~, q~] (and hence we have already proved part 2 

of  the theorem). 

Case3: i = 2 ,  th=th2, w =  1 

Use the decomposition 

p a - I  g a - I  

- ~ - 1 1  - 1 - - 1 - - 1 
a 

• . ~  .a_ 1 • 1 - 1 - 1 - 

1 1 - 1 

where J = [0 ol], and a E N = [a E M2×2(E); J(ttJ : - a } .  Then 

~ (i'~4~(wn)'v) dn = fNnc, L~ (e) (i~dP(Oa-lga-" wm'wv) dn 

= fN (r(a-1)~(g"-')'v)laleS-l/2dn 
CIGL2 (E) 

= f~ (r(a-l)v,v')lalTJ -~/zdn 
- I E R f ) N A G L  2 ( E )  

where R is compact and open in MEx2(E). Suppose R -- M2×2 (P,~m OPEL. then it is 

well known that GLz(E)  fq R = Lb>_o P~-~ where ~ = llk>oKeem,m+kKE, 

o~ ~ 0 

(:a,b • 0 CO b '  

and P~ = ejd (cf. [Olsh], p. 238). Also, {Lb~o P,~b) I"/N = Llj_>o P~lth N N}. Now 

a -l in Llj>_o P#[$ I"1NI means a in lb__o P F q ¢  N N] -1. So the last integral reads: 

• x ( p j )  p - j  -s-l/2 JP,~Jl6nN)-'/' (r(a-1)v 'v ' ) lalZS-1/2dn" P e 

Using the notations of Case 2, we can write dn = dadyl dYE, So it is easy to check 

that dPFJn = IPFilFdn. Then the last sum equals 

~x(P~)lPiilis-l/ZlP/l~/2 ( (r(a-~)v,v'>lalZS-~/2dn, 
j J l ~ n N I  -~ 
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which is 

1 ~ <r(a_l)v,v,>lalZ~_VZdn" 
1 - q,~t4S)x(PF) ,~nJvl-' 

By cuspidality, <r(a)v, v') has support in ZC, Z the center of GL2 and C compact 

in GL2. Thus a -1 E ZC n dp n N. But ZC n ~ is compact in GL2 (cf. [Olsh], 

p. 238), and Nis  closed in M2x2(E). So a -~ goes over a compact set of GL2 and 

therefore the integral is in C[q s, q-S]. This concludes the proof of the theorem. 

ACKNOWLEDGEMENT 

I would like to thank S. Gelbart for numerous talks of this subject. 

REFERENCES 

[Bo] A. Borel, Automorphic L-functions, Proc. Syrup. Pure Math. 33, part 2 (1979), 27-61. 
[Cart] P. Cartier, Representation ofp-adic groups: a survey, Proc. Syrup. Pure Math. 33, part 1 

(1979), 111-135. 
[Cass.] W. Casselman, The unramified principal series of p-adic groups I: the spherical function, 

Compos. Math. 40, Fasc. 3 (1980), 387-406. 
[Cass. Sh.] W. Casselman and J. Shalika, The unramified principal series of p-adic groups I1: the 

Whittaker function, Compos. Math. 41, Fasc. 2 0980), 207-231. 
[Ge. P.S. 1] S. Gelbart and I. Piatetski-Shapiro, Automorphicforms and L functions for the unitary 

group, in Lie Group Representations II, Lecture Notes in Mathematics, Vol. 1041, Springer-Verlag, Ber- 
lin, 1984, pp. 141-184. 

[Ge. P.S. 2] S. Gelbart and I. Piatetski-Shapiro, L functions for G x GL(n), Lecture Notes in 
Mathematics, Vol. 1254, Springer-Verlag, Berlin, 1987. 

[Ge. Sh.] S. Gelbart and E Shahidi, Analytic Properties ofAutomorphic L Functions, Academic 
Press, New York, 1988. 

[La] R. P. Langlands, Euler Products, James K. Whitmore Lectures, Yale University Press, 1967. 
[La 1] R. P. Langlands, Problems in the theory of automorphic forms, Lecture Notes in Mathe- 

matics, Vol. 170, Springer-Verlag, New York, 1970. 
[Mac 1] I. G. Macdonald, Spherical Functions and Hall Polynomials, Clarendon Press, Oxford, 

1979. 
[Mac 2] I. G. Macdonald, Spherical Functions on a Group of p-Adic Type, Ramanujan Institute, 

Univ. of Madras Publ., 1971. 
[Olsh] G. 1. Olshanskii, Intertwining operators and complementary series, Mat. Sb. 93, No. 2 

(1974), 135. 
[Sh l] F. Shahidi, On the Ramanujan conjecture and finiteness of poles for certain L-functions, 

Ann. Math. 127 (1988), 547-584. 
[Sh 2] E Shahidi, On certain L-functions, Am. J. Math. 103, No. 2 (1981), 297-355. 
[Sh 3] E Shahidi, Fourier transform of intertwining operators and Plancherel measures for GL~, 

Am. J. Math. 106 (1984), 67-111. 
[Shin] T. Shintani, On an explicit formula for class 1 Whittaker functions on GL(n) over p-adic 

fields, Proc. Jpn. Acad. 52 (1976), 180-182. 
[Ta] B. Tamir, Ph.D. thesis, Weizmann Institute of Science, Rehovot, Israel. 
[We] H. Weyl, The Classical Groups, Princeton Mathematical Series, Princeton University Press, 

1946. 


